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Abstract

Convergence and diversity are two performance requirements that should
be paid attention to in evolutionary algorithms. Most multiobjective evolu-
tionary algorithms (MOEAs) try their best to maintain a balance between
the two aspects, which poses a challenge to the convergence of MOEAs in
the early evolutionary process. In this paper, a many-objective optimiza-
tion algorithm based on staged coordination selection, which consists of the
convergence and diversity stages, is proposed in which the two stages are con-
sidered separately in each iteration. In the convergence exploring stage, the
decomposition method is adopted to rapidly make the population close to the
true PF. In the diversity exploring stage, a diversity maintenance mechanism
same to the archive truncation method of SPEA2 is used to push distribut-
ed individuals to the true PF. The convergence stage serves for the diversity
stage, and the second stage turns into the first stage when it fails to reach the
convergence requirement and so forth. Our algorithm is compared with eight
state-of-the-art many-objective optimization algorithms on DTLZ, WFG and
MaOP benchmark instances. Results show that our algorithm outperformed
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the comparison algorithms for most test problems.
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Many-objective optimization, evolutionary algorithm, Pareto optimality,
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1. Introduction

Multiobjective optimization problems (MOPs) can be mathematically de-
fined as [1]: {

min F (X) = (f1(X), f2(X), · · · , fm(X)),
subject to X ∈ Ω,

(1)

where X = (x1, x2, · · · , xn) is an n-dimensional decision variable vector
from the decision space Ω; F (X) is an objective function vector that consists
of m objective functions, and m objective functions are in conflict with each
other. Optimizing one objective leads to a deterioration in at least one other
objective. A set of trade-off solutions, termed Pareto optimal solutions, is
expected to be found for MOPs. A nondominated, or Pareto optimal solution,
is defined as if none of the objective functions can be improved in value
without degrading some of the other objective values. For example, X1 is said
to dominate X2 (denoted as X1 ≺ X2 ) if and only if fi(X1) ≤ fi(X2) for each
i ∈ {1, · · · ,m} and fj(X1) < fj(X2) for at least one index j ∈ {1, · · · ,m}.
If all X from Ω can not dominate X1, we call X1 a nondominated or Pareto
optimal solution. The set of all Pareto optimal solutions is called the Pareto
optimal set (PS) and the set of all the Pareto optimal objective vectors is
called the Pareto front (PF).

Farina and Amato named the optimization problems having four or more
objectives as many-objective optimization problems (MaOPs) [2]. Tradition-
al multiobjective optimization algorithms, such as NSGA-II [3] and SPEA2
[4], perform excellently on two- or three-dimensional multiobjective prob-
lems, but performance greatly drops when dealing with MaOPs. The main
reason is that the Pareto dominance relation loses the ability to distinguish
individuals. In the high dimensional space, almost all solutions in the pop-
ulation are nondominated so that MOEA mission of selecting outstanding
individuals all depends on the mechanism of maintaining diversity [5, 6, 7].
Therefore, traditional multiobjective optimization methods are no longer ap-
plicable in many-objective optimization. In recent decades, many scholars
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have devoted themselves to the study of many-objective optimization and
have proposed many optimization methods, which can be mainly summa-
rized as the following categories.

The first category focuses on modifying the traditional Pareto dominance
relation, where the basic idea is to increase the probability that two candi-
date solutions are comparable on MaOPs. The proportion of nondominated
solutions in the population grows exponentially with an increase in the num-
ber of objectives so that the traditional Pareto dominance relation is unable
to distinguish individuals effectively and greatly reduces the pressure of se-
lecting individuals. Modifying the traditional Pareto dominance relation can
overcome this disadvantage. A large number of studies have been done along
this direction [8, 9, 10]. ε-dominance relation [11], proposed by Hadka et al.,
makes the nondominant individuals can be distinguishable by introducing
the parameter ε that can expand the Pareto dominated region of the indi-
vidual. Grid-dominance relation [12], proposed by Yang et al., divides the
objective space into several grids and distinguishes individuals by grid coordi-
nates instead of the traditional dominance relation. SDR dominance relation,
proposed by Tian et al., balances proximity and diversity by developing an
adaptive niching technique based on the angles between the candidate solu-
tions, and maintains only one candidate solution with the best convergence
in each niche [13]. Adaptive fuzzy dominance relation [14], proposed by Das
et al., adaptively determines a fuzzy membership function for each objective
of a given many-objective optimization problem and employs preferred refer-
ence vectors for clustering evolved solutions. In addition, Rotated-grid [15],
RP-dominance [16], and rank-dominance [17] have also demonstrated their
abilities to handle problems with a large number of objectives.

The non-Pareto dominance based methods, which are mainly decomposit-
ion-based and indicator-based, are the second way to solve MaOPs. In the
decomposition-based method, the objective space is decomposed into a set
of subproblems by uniformly distributed reference vectors; all subproblem-
s are optimized in a collaborative manner. MOEA/D [5] is the represen-
tative of the decomposition framework. A series of algorithms have been
designed, such as NSGA-III [18], MOEA/DD [19], θ-DEA [20], proEA [21]
and others [22, 23, 24, 25, 26]. In the framework of decomposition, the ag-
gregation function is usually used to replace the Pareto dominance relation.
However, different aggregation functions can affect the performance of the
algorithms, such as the PBI approach [5] can fluctuate the performance of
the algorithm by different penalty parameter θ [27]; the Weighted Sum ap-
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proach [5] can get excellent performance when the optimization problems
have linear PFs, but the performance greatly drops when the optimization
problems have concave or convex PFs. In addition, since the decomposition-
based method divides the objective space through the pre-defined uniformly
distributed reference vectors, the final optimization result of the algorithm
also depends on the shape of the true PF. To go a step further to get bet-
ter approximations in problems with complicated PFs [28], many scholars
have proposed the method of adaptive reference vectors to overcome this
disadvantage [29, 30, 31, 32, 33, 34, 35, 36]. The indicator metric is used
to evaluate the performance of the algorithms and some indicator metrics,
such as Hypervolume [37], S-metric [38] and IGD [39], are used to design
many-objective optimization algorithms. HyPE, MOMBI [40], MaOEA-IGD
[41] and other indicator-based algorithms have shown a lot of competition.
In particularly, some indicators are even used to design multi-modal many-
objective optimization algorithms, such as NIMMO [42].

The last avenue is adopting multiple archives and a new density manage-
ment mechanism. Two arch2 [43] uses two archives, one for storing individu-
als with excellent convergence and the other for storing individuals with ex-
cellent distribution. The intention of Two arch2 is to generate solutions with
excellent convergence and distribution through the information interaction
between the two archives in the evolution. 1by1EA [44] adopts a one-by-one
selection strategy, which uses three archives to store individuals temporarily.
Once an individual is selected, individuals in its neighborhood are ignored
to maintain diversity. SDE [45] is a strategy of density management. By
transferring objective values of individuals, SDE makes the density of solu-
tions with poor convergence increase after transferring, while the density of
individuals with excellent convergence has little influence. DREA [46] is an
algorithm for multiobjective and many-objective optimization based on di-
versity ranking method. Similar to the most of existing decomposition based
MOEAs, DREA introduces reference vectors to partition the entire objective
space into a number of subspaces. However, this decomposition method is
introduced in the diversity ranking method to search the distribution range
of PF, which is beneficial for the population’s diversity.

Both proximity and diversity are crucial to many-objective optimization,
and most of the algorithms give consideration to both of them in each it-
eration. In this paper, a many-objective optimization algorithm based on
staged coordination selection is proposed (termed MaOEA-SCS). In each it-
eration, only one aspect of convergence or distribution is considered. The

4



contributions of this paper are summarized as follows:

1) A staged coordination selection mechanism is proposed. In each it-
eration, the convergence and diversity of the population is focused
on only one aspect. In the early evolutionary stage, the environmen-
tal selection considers the convergence performance. After that, the
distribution performance plays a major role when the population is
proximate to the true PF. The convergence stage serves for the diver-
sity stage, and the second stage turns into the first stage when it fails
to reach the convergence requirement. Each iteration focuses on only
one aspect, but coordinates between iterations.

2) The decomposition framework is adopted in MaOEA-SCS. In the stage
of diversity, our environmental selection does not completely rely on
the reference vectors to overcome the disadvantage caused by the de-
composition framework.

3) Both mating selection and environmental selection select individuals
from the whole population according to the population’s status, which
is conducive to better maintaining convergence or diversity.

The remainder of this paper is organized as follows: Section 2 introduces
the motivation of this work. The details of MaOEA-SCS are presented in Sec-
tion 3. To evaluate the performance of our algorithm in addressing MaOPs, a
series of experiments is performed and analyzed in Section 4. Finally, Section
5 concludes this paper.

2. Motivation

SPEA2 is a classical multiobjective optimization algorithm which is based
on Pareto dominance. It has two core parts. One is to strengthen the Pare-
to dominance relation to identify excellent individuals, and the other is to
keep the distribution of the population by a nearest neighbor density estima-
tion and an archive truncation method. Although SPEA2 performs poorly
in many-objective optimization, its technique of pruning the population is a
good one to learn from. Li et al. [45] combined the SDE strategy with the
SPEA2 and achieved excellent performance in many-objective optimization.
The main reason is that the SDE strategy improves the ability of SPEA2

5



to push individuals to the true PF, while SPEA2 can maintain the distribu-
tion of the population by the archive truncation method. Yang et al. [47]
borrowed and improved the first core of SPEA2 and designed an algorithm
based on decomposition, named SPEA/R, which has been shown to be more
competitive than SDE combined with SPEA2.

In evolutionary algorithms, the convergence and distribution of balanced
individuals can greatly affect the performance of the algorithm. This is main-
ly reflected in the lack of convergence pressure in the early evolutionary stage,
which requires a large number of iterations. Some scholars have pointed out
that the emphasis on population convergence and diversity should be differ-
ent based on the number of iterations in the algorithm design [33, 48, 49]. In
other words, more attention should be paid to convergence in the early stage.
In contrast, the maintenance of diversity of population should increase when
the population is convergent.

f1

f2

0

True PF

f1

f2

0

True PF True PF

Convergence Diversity

f10

True PF

Staged coordination selection

Staged coordination selection

f1

f2

0

f2

Figure 1: The main idea of MaOEA-SCS.

In order to enhance the convergence performance of the algorithm and
reduce the number of iterations, MaOEA-SCS is proposed. Figure 1 presents
the main idea of our algorithm. In the stage of convergence, the decompo-
sition method is adopted to rapidly make the population move close to the
true PF. When the evolutionary potential of the population is insufficient,
the diversity maintenance mechanism same to the archive truncation method
of SPEA2 is used to maintain diversity. It is worth noting that we no longer
rely entirely on the decomposition framework to mitigate the disadvantages
caused by uniformly distributed reference vectors.

6



3. MaOEA-SCS

3.1. Framework

The framework of MaOEA-SCS is presented in Algorithm 1. MaOEA-
SCS starts with generating a set of uniformly distributed reference vectors
1. Notably, the size of the reference vector is consistent with the population
size. At the same time, an initial population P0 of size N from a uniform
distribution are randomly generated in the decision space. MaOEA-SCS
needs to provide two parameters T1 and T2, which are used to control the
staged process of the algorithm. Then we start the loop. Individuals in the
Pt are associated with reference vectors in W . Note that the normalization
procedure is not adopted in step 4. In order to produce as many desirable
individuals as possible, a matching selection is used. In step 6, according
to the result of the association operation, individuals on the same reference
vector are divided into different levels, and all individuals of the same level in
the population are combined into the same set, which is same to the clustering
operator of θ-DEA. And an average, named AveDcPt′, will be calculated
to control the matching selection and environmental selection below. This
average is very important because it can affect which method is used to evolve
the population. Then the simulated binary crossover and the polynomial
mutation [51] are employed to generate an offspring set Qt. After merging Pt

and Qt , environmental selection is carried out. In the following subsections,
the important procedures of MaOEA-SCS are described in detail.

3.2. Association procedure

The main idea of MaOEA-SCS is to adopt different individual selection
mechanisms in different stages. In the early stage of population evolution,
we hope to adopt a fast and effective way to make the population tend to be
convergent. When the population is close to the true PF, we begin to focus
on maintaining diversity. Although we consider the convergence and distri-
bution of the population separately, we need to maintain the distribution
of individuals to some extent in the convergence stage, so we adopt the de-
composition method in MaOEA-SCS. The ultimate purpose of this method
is to guide individuals to converge on the reference vector. In essence, the

1To promote diversity in the obtained solutions, Das and Dennis’s systematic approach
[50] is adopted to generate structured reference points.
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Algorithm 1 The framework of MaOEA-SCS

Input: Population size N , objectives m, the termination criterion, param-
eters T1 and T2;

Output: The updated population;
1: Generate an initial population P0 and the uniformly distributed reference

vectors W ;
2: t = 0, f lag = 1;
3: while the termination criterion is not satisfied do
4: P ′t=Association(Pt,W );
5: (AveDcPt′, MatingPool)=MatingSelection(P ′t ,W, flag);
6: Generate offspring Qt by crossover and mutation;
7: Rt=Pt

⋃
Qt;

8: (Pt+1, f lag, T1, T2)=EnvironmentalSelection(Rt,W,AveDcP
′
t , f lag, T1, T2);

9: t = t+ 1;
10: end while
11: Return Pt;

decomposition method can maintain the distribution of the population to
some extent.

In the framework of decomposition, the association operation between
solutions and reference vectors is an indispensable procedure. Supposing
there is a reference vector Wi = (w1, · · · , wm) and a mapping of solution Xj

is F (Xj) = (f1(x), · · · , fm(x)), and u is the projection of F (Xj) on Wi. Let
Dc1 be the distance between the origin and u, and Dd be the perpendicular
distance between F (Xj) and Wi. We assign solution Xj to the reference
vector Wi with the minimum Dd value. Figure 2 is an example of association;
A is associated with W2. Dc1 and Dd can be computed, respectively, as
equation 2 and equation 3; more details of the association operation are
shown in Algorithm 2.

Dc1 =
Wi · F (Xj)

‖Wi‖
, (2)

Dd = ‖Dc ×
Wi

‖Wi‖
− F (Xj)‖. (3)

8



Algorithm 2 Association(Pt,W )

Input: Population Pt, reference points W ;
Output: The associated population P ′t ;
1: for each Xi in Pt do
2: MinDis = inf, Index = 0;
3: for each Wj in W do
4: Compute Dc1 and Dd;
5: if Dd < MinDis then
6: MinDis = Dd;
7: Index = j;
8: end if
9: end for

10: Xi is associated to Wj;
11: end for
12: Return P ′t ;

W1 W2

W3

W4

W5

0

A
u

Figure 2: An example of association and illustration of distances Dc1 and Dd.

3.3. Sorting procedure

The number of individuals associated with each reference vector is dif-
ferent after associating population with reference vectors. The purpose of
sorting is to distinguish the convergence or distribution of individuals asso-
ciated with the same reference vector. In this paper, there are two kinds of
sorting criteria. One is designed for the performance of convergence, which
is called sorting for convergence, and the other is designed for comprehensive
performance, which is named sorting for diversity.

When the population has a great potential for closing the true PF, we
rank individuals associated with the same reference vector according to Dc1
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as mentioned in subsection 3.2. More specifically, individuals associated with
the same vector are divided into different ranks, and individuals of the same
rank are grouped into one front. For example, as shown in Figure 3, F, E
and D are associated with W3. According to Dc1 values of them, F, E and
D are divided into Rank 1, Rank 2 and Rank 3, respectively. Therefore, the
10 individuals are divided into three ranks after performing the sorting for
convergence operation.

W1 W2

W3

W4

W5
0

A

B
C

 

D

E

F G
H

I J

Rank 1:ACFGI

Rank 2:BEHJ

Rank 3:D

Figure 3: An example of sorting for convergence.

When individuals are proximate to the true PF, we begin to maintain the
population diversity. We adopt a new sorting method, which is illustrated
by Figure 4.

W1 W2

W3

W4

W5

0

A

B

C

D
E F

G

F
G

W4

D

E

Figure 4: Illustration of sorting for diversity.
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W4

W5

0

A B
C  

D
E
F

G

H

I
J

Rank 1:ABEHJ

Rank 2:CFGI

Rank 3:D

Figure 5: An example of sorting for diversity.

Taking individual A as an example, the perpendicular line AF of OA in-
tersects W2 with F. We choose the distance between the origin O and F as
the sorting criteria, marked as Dc2, which can be computed as equation 4.
In Figure 4, the red line OG is the sorting criteria used in sorting for conver-
gence, and the green line OF is used in sorting for diversity. Comparing the

10



two criteria, the second one prefers the excellent individual which performs
both convergence and distribution. When the population tends to be con-
vergent, the degree of convergence between individuals associated with the
same vector is not obviously different, but their distribution may be pretty
different, such as individuals D and E in Figure 4. Both of them are associat-
ed with reference vector W4 and their projection lengths on W4 are the same.
Individual E may be ranked level 1 if we adopt the sorting for convergence
method. However, if we use the sorting for diversity method, individuals
D and E are ranked level 1 and level 2, respectively. In conclusion, when
the population is proximate to the true PF, under the criterion of sorting
for diversity, individuals that are closer to the reference vector are preferred,
which can improve the distribution of the population. A sorting for diversity
operation example is given in Figure 5.

Dc2 =
‖F (Xj)‖2 × ‖Wi‖

Wi · F (Xj)
. (4)

After the sorting procedure, the population is divided into several fronts.
Individuals in the same front come from the same rank of individuals on each
reference vector.

3.4. Mating selection procedure

The purpose of mating selection is to prepare for crossover and mutation
to generate excellent offspring. When the population has a large space for
convergence, we hope to produce individuals with strong convergence. When
the population tends to be convergent, we hope to generate individuals with
better distribution. The mating selection is designed as Algorithm 3.

In Algorithm 3, the flag indicates whether the algorithm currently fo-
cuses on the convergence or distribution of the population. The initial value
of the flag is 1, which may be changed in the environmental selection. The
flag value of 1 indicates that the population is in the stage of pushing indi-
viduals to the true PF, while the flag value of 0 indicates that the current
population is in the stage of maintaining distribution.

We chose different sorting criteria according to flag values (steps 1-5).
Individuals compete against each other through binary tournaments and the
individuals that are at the top of the rank level (steps 7-10) are preferred. If
their ranks are the same, the individual with smaller Dc1 (or Dc2 is selected,
for simplicity, Dc is used in pseudocode, steps 11-15). If their Dc1 (or Dc2)
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Algorithm 3 MatingSelection(P′t,W, flag)

Input: The associated population P ′t , reference points W, flag;
Output: The individuals stored in matingpool;
1: if flag == 1 then
2: {AveDcP ′t , F1, F2, · · · }=Sort-C(P ′t);
3: else
4: {AveDcP ′t , F1, F2, · · · }=Sort-D(P ′t);
5: end if
6: Randomly select two individuals ind1 and ind2 from P ′t ;
7: if F (ind1) < F (ind2) then
8: Add ind1 into matingpool;
9: else if F (ind1) > F (ind2) then

10: Add ind2 into matingpool;
11: else
12: if Dc(ind1) < Dc(ind2) then
13: Add ind1 into matingpool;
14: else if Dc(ind1) > Dc(ind2) then
15: Add ind2 into matingpool;
16: else
17: Randomly select one of them adding into matingpool;
18: end if
19: end if
20: Return matingpool;
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values are the same, one is randomly selected to add in the matingpool (steps
16-18).

Algorithm 4 EnvironmentalSelection(Rt,W,AveDcP
′
t , f lag, T1, T2)

Input: The combined population Rt, reference vectors W , the evolutionary
stage flag, the threshold value T1 and T2;

Output: The next population Pt;
1: if flag == 1 then
2: {AveDcR′t, F1, F2, · · · }=Sort-C(Rt);
3: Select N individuals according to the result of sort as the new popu-

lation Pt;
4: Recalculate AveDcPt;
5: if ABS(AveDcPt − AveDcP ′t) < T1 then
6: flag = 0;
7: Update and Repair T1;
8: end if
9: else

10: {F1, F2, · · · }=NDSort(Rt);
11: Select all individuals whose front is smaller or equal than the critical

front as Pt;
12: Normalize the population Pt;
13: { AveDcPt, F1, F2, · · · }=Sort-D(Pt);
14: Select all individuals whose front is smaller or equal than the critical

front according to the result of sort as Pt;
15: if Size(Pt)>N then
16: Select N individuals from Pt according the angle as the new popu-

lation Pt;
17: end if
18: Recalculate AveDcPt;
19: if ABS(AveDcPt − AveDcP ′t) > T2 then
20: flag = 1;
21: Update and Repair T2;
22: end if
23: end if
24: Return Pt;
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3.5. Environmental selection procedure

In the environmental selection operation, we need to select N individuals
that are excellent in distribution and convergence from the combined popu-
lation. Similar to the matching selection, we also designed two completely
different methods of environmental selection. The details of environmental
selection are in Algorithm 4.

For accordance with the sorting for convergence operation mentioned
above, we hope to select the individuals with strong convergence as the new
population, so that the population can quickly approach the true PF. When
the population tends to be convergent, under the premise of maintaining the
convergence of the population, we focus on selecting individuals with good
distribution.

If the population is in the stage of keeping convergence (flag = 1), ac-
cording to the sorting for convergence operation, individuals associated with
each reference vector are ranked, and individuals of the same rank are com-
bined as a set. We put these sets before the critical set 2, in ascending order,
into Pt. Then, an appropriate number of individuals, which have the mini-
mum Dc1 values, are selected from the critical set to fill Pt. Figure 6 is an
example of environmental selection with a population size of 7. Since we do
not normalize the objective values, once an individual is associated with a
reference vector, it must be selected to add in Pt. We select the individuals
with small Dc1 in the stage of convergence because the reference vector can
maintain the distribution of the population.

When the flag is 0, we start the maintenance of the population distribu-
tion operation. We must ensure the strict relation first because the Pareto
dominance relation between individuals in the stage of maintaining popula-
tion convergence is not strict. Thus, the Non-Dominated sorting (NDsort)
[52] is adopted. For solving problems with disparately scaled objective val-
ues, we normalize Pt. To make use of the reference vectors’ information,
individuals are sorted by the sorting for diversity method. We put the in-
dividuals ranked before critical set to Pt, so does all the individuals in the
critical set. If the size of Pt is greater than N , we select two individuals in Pt

with the smallest angle and delete the individual with the larger Dc2, which

2 Dividing all solutions (2N) into set {S1, S2, · · · } and keeping N solutions. We call Si

the critical set if the size of solutions from S1 to Si−1 is smaller than N, but the size of
solutions from S1 to Si is equal or more than N.
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Figure 6: Environmental selection when the flag is 1.

is illustrated in Figure 7, until the population size is equal to N .
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Figure 7: Environmental selection when the flag is 0.

There is an updating and repairing operation in Algorithm 4 (steps 5-8
and steps 18-21). We want the value of T1 to increase to relax the requirement
for convergence, and for T2 to gradually decrease to keep the distribution
of the population with the iteration. However, the range of T1 and T2 is
limited. In step 5 and step 18, ABS() is taking the absolute value. We use
this operation to determine the evolutionary potential of the population, and
then decide what stage is adopted at the next iteration.

4. Experimental design and analysis

In order to verify the performance of MaOEA-SCS, the DTLZ [53] and
WFG [54] test suites, which are widely used to detect the performance of
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algorithms in high dimensions, are employed. Characteristics of all test in-
stances are summarized in Table 1. The number of objectives is set as 5, 8,
10 and 15 dimensions respectively. For all the DTLZ problems, the length
of decision variables is set to k + m − 1, where m denotes the number of
objectives, and k is set to 5 for DTLZ1, 20 for DTLZ7, and 10 for the oth-
ers. Regarding the WFG problems, the length of decision variables is set to
k + l, where k and l are set to m − 1 and 10, respectively. Eight state-of-
the-art many-objective optimization algorithms are employed for compara-
tive experiments; they are RVEA [33], θ-EDA [20], SPEA/R [47], NSGA-III
[31], MaOEA-IGD [41], VaEA [55], AGE-MOEA [56] and proEA [21]. All
algorithms ran on the same experimental platform PlatEMO [57], where pa-
rameters in the algorithm are set according to the recommendations in the
original publications.

Table 1: Features of DTLZ and WFG problems [58]

Features Problems
Multi-modal DTLZ1, DTLZ3, DTLZ6

Biased DTLZ4, WFG1, WFG7, WFG8, WFG9
Non-separable WFG2, WFG3, WFG6, WFG8,WFG9

Deceptive WFG5, WFG9
Degenerate DTLZ5, DTLZ6, DTLZ7,WFG3
Disconnect DTLZ6, WFG2

Linear DTLZ1, WFG3
Convex WFG2
Mixed DTLZ7, WFG1

Concave DTLZ2, DTLZ3, DTLZ4, WFG5, WFG6, WFG7, WFG8, WFG9

4.1. Performance metrics

In our experiment, two quality indicators are adopted to compare the per-
formance of different algorithms. Both Inverted Generational Distance(IGD)
and Hypervolume (HV) [59] can provide the information of convergence and
distribution of the algorithm simultaneously; they have been accepted by
peers and are used as a common measure of algorithm performance evalua-
tion.

The IGD is an inversion of the GD indicator [60], which measures the
average distance from the points in the true PF to their closest solution in
the obtained set. Mathematically, IGD is defined by equation 5, where D(Xi,
PF) denotes the Euclidean distance between F (Xi) and its nearest objective
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vector in the PF. PF ∗ is the PF acquired by the algorithms, and PF is the
true Pareto front. A low IGD value is preferable, which means that the
obtained solution set is close to the PF and has a good distribution.

IGD =

∑
Xi∈PF ∗ D(Xi, PF )

|PF ∗|
. (5)

The HV is an indicator that measures the volume of the hypercube dom-
inated by an approximation set [61]. This indicator can be expressed as
equation 6, where S(Xi) is the hypercube bounded by a solution Xi in the
PF furnished by the algorithm and a reference point r. The larger the HV
value, the better the result.

HV = ∪Xi∈PF ∗S(Xi). (6)

4.2. General parameters

1) Population Size: The population size is set to be the same as the
number of reference vectors. In particular, N is set to be 210, 156,
275 and 135 for m = {5, 8, 10, 15}, respectively.

2) Reproduction Operators: For the SBX, we set the crossover probabil-
ity pc to 1.0 and the distribution index ηc to 30. As for the polynomial
mutation, the probability pm and distribution index ηm are set to be
1
n

(n represents decision number) and 20, respectively.

4.3. IGD and HV results and analysis

All algorithms were run in the same experiment platform 30 times inde-
pendently. We employed the IGD metric on DTLZ problems and the HV
metric on WFG instances.

Figure 8 and Figure 9 show the performance of the algorithms with d-
ifferent iterations. From the two figures, it can be seen that the result of
MaOEA-SCS fluctuates the least out of all the algorithms. What’s more,
MaOEA-SCS also has a smaller IGD and larger HV in most instances. This
initially reflects MaOEA-SCS’s strong evolutionary capacity.

To have statistically comprehensive conclusions, the Wilcoxon Rank-Sum
test [62] at a 0.05 significance level is adopted to test the significant difference
between the data obtained by paired algorithms. Table 2 and Table 3 are
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Figure 8: Mean IGD values obtained by algorithms with different iteration times on 15-
dimensional DTLZ instances.
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Figure 9: Mean HV values obtained by algorithms with different iteration times on 8-
dimensional WFG instances.
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the results 3 of evaluation indicators. The best and second best performing
algorithms are highlighted in dark and light colors (compared by their average
values), respectively. The ”-”, ”=” and ”+” signs indicate that MaOEA-SCS
is statistically ”better”, ”comparable” or ”worse” with the corresponding
algorithm.

Table 2: IGD results on DTLZ problems(W-Win, T-Tie, L-Lose)

Instances Objectives RVEA [33] θ-DEA [20] SPEA/R [47] NSGA-III [31] MaOEA-IGD [41] VaEA [55] AGE-MOEA [56] proEA [21] MaOEA-SCS

DTLZ1

5 9.8289e-2 (2.37e-2) - 5.2748e-2 (7.21e-5) - 6.9825e-2 (2.38e-2) - 5.2772e-2 (4.55e-5) - 7.7336e-2 (4.05e-2) - 9.5760e-2 (2.78e-2) - 5.1694e-2 (2.46e-4)- 5.1839e-2 (4.52e-4)- 5.0895e-2 (1.42e-3)
8 9.9909e-2 (7.13e-3) - 9.8379e-2 (5.34e-3) - 1.3199e-1 (1.30e-2) - 1.0198e-1 (1.11e-2) - 2.5893e-1 (2.11e-1) - 2.6956e-1 (1.06e-1) - 1.0006e-1 (5.16e-4)- 9.8079e-2 (4.43e-4)- 9.6380e-2 (6.25e-4)
10 1.0850e-1 (1.66e-3) = 1.0751e-1 (5.91e-4) = 1.7456e-1 (3.21e-2) - 1.2246e-1 (3.39e-2) - 1.5045e-1 (9.60e-2) = 2.1647e-1 (5.35e-2) - 1.0492e-1 (1.19e-3)= 1.0434e-1 (9.32e-4)+ 1.0684e-1 (5.39e-3)
15 1.5302e-1 (6.59e-3) - 1.9995e-1 (6.05e-2) - 2.2224e-1 (1.92e-2) - 2.0982e-1 (2.72e-2) - 3.9384e-1 (2.44e-1) - 3.2018e-1 (1.52e-1) - 1.4828e-1 (1.96e-3)- 1.8908e-1 (1.57e-2)- 1.3300e-1 (1.08e-3)

DTLZ2

5 1.6528e-1 (1.09e-4) + 1.6513e-1 (2.59e-5) + 1.6519e-1 (5.03e-5) + 1.6517e-1 (3.28e-5) + 1.7261e-1 (1.51e-3) + 1.6957e-1 (1.28e-3) + 1.6685e-1 (1.18e-3)+ 1.9313e-1 (1.31e-3)- 1.9050e-1 (1.99e-3)
8 3.2221e-1 (2.55e-3) + 3.1542e-1 (1.19e-4) + 3.1731e-1 (4.85e-4) + 3.5541e-1 (8.29e-2) + 7.2712e-1 (1.88e-1) - 4.0101e-1 (1.66e-2) - 3.5846e-1 (2.11e-3)= 3.8375e-1 (2.57e-3)- 3.6142e-1 (2.32e-3)
10 4.2030e-1 (7.75e-4) + 4.2040e-1 (3.35e-4) + 4.2275e-1 (6.03e-4) + 4.4290e-1 (4.92e-2) - 4.3548e-1 (2.62e-3) - 4.2076e-1 (3.08e-3) + 4.0486e-1 (1.68e-3)+ 4.5535e-1 (5.02e-3)- 4.2636e-1 (2.16e-3)
15 6.2777e-1 (6.56e-3) - 6.2377e-1 (2.63e-3) - 6.3031e-1 (2.79e-3) - 7.8459e-1 (3.24e-2) - 8.4989e-1 (1.06e-1) - 6.0021e-1 (6.94e-3) + 5.7484e-1 (9.45e-4)+ 6.6880e-1 (4.76e-2)- 6.1268e-1 (1.53e-2)

DTLZ3

5 1.2613e+0 (1.15e+0) - 1.6539e-1 (3.00e-4) + 5.0268e-1 (1.16e-1) - 1.6537e-1 (2.17e-4) + 9.8751e+0 (3.00e+0) - 1.5646e+0 (1.50e+0) - 3.8111e-1 (3.83e-1)- 1.1583e+0 (6.75e-1)- 1.9396e-1 (1.85e-2)
8 8.3683e-1 (4.95e-1) - 3.3918e-1 (8.14e-2) + 3.3672e+0 (1.44e+0) - 4.5398e-1 (2.55e-1) = 1.1939e+1 (8.43e+0) - 1.0996e+1 (5.13e+0) - 8.5311e-1 (7.25e-1)- 4.7629e-1 (3.06e-1)- 3.6813e-1 (7.30e-3)
10 4.4725e-1 (2.41e-2) - 4.2021e-1 (4.71e-4) + 4.5487e+0 (1.89e+0) - 6.3588e-1 (4.83e-1) = 5.8985e+0 (5.01e+0) - 1.2598e+1 (6.79e+0) - 4.1293e-1 (8.31e-3)+ 4.4616e-1 (2.98e-3)- 4.2571e-1 (5.47e-3)
15 6.3503e-1 (8.97e-3) = 6.5703e-1 (4.90e-2) = 2.4200e+1 (1.07e+1) - 1.0326e+1 (6.82e+0) - 5.8934e+0 (2.71e+0) - 1.6713e+1 (7.61e+0) - 1.1747e+0 (6.71e-1)- 6.9738e-1 (3.93e-2)- 6.2896e-1 (1.30e-2)

DTLZ4

5 1.6514e-1 (6.37e-5) + 1.6513e-1 (7.45e-6) + 1.6524e-1 (4.70e-5) + 1.8181e-1 (6.45e-2) + 2.3104e-1 (1.04e-1) - 1.6623e-1 (9.69e-4)+ 2.0647e-1 (5.33e-2)- 1.7139e-1 (8.84e-4)+ 1.9070e-1 (1.84e-3)
8 3.2598e-1 (2.82e-2) + 3.1509e-1 (1.00e-4) + 3.1683e-1 (3.87e-4) + 3.8663e-1 (1.24e-1) - 4.0204e-1 (6.25e-2) = 3.6883e-1 (2.92e-3) - 3.5292e-1 (2.14e-3)= 3.8940e-1 (2.16e-2)- 3.6527e-1 (2.17e-2)
10 4.2175e-1 (1.57e-3) - 4.2089e-1 (2.66e-4) - 4.2268e-1 (4.10e-4) - 4.4640e-1 (6.74e-2) - 4.4586e-1 (1.96e-2) - 4.2908e-1 (4.61e-3) - 4.2149e-1 (1.30e-3)= 4.5066e-1 (2.22e-3)- 4.1745e-1 (1.81e-3)
15 6.3527e-1 (8.77e-3) - 6.2245e-1 (9.61e-4) - 6.3017e-1 (1.23e-3) - 7.3360e-1 (5.38e-2) - 6.6326e-1 (2.00e-2) - 5.9695e-1 (3.75e-3) + 5.7552e-1 (9.43e-4)+ 6.4001e-1 (6.93e-3)- 6.0627e-1 (1.08e-2)

DTLZ5

5 1.8862e-1 (1.45e-2) - 3.1418e-1 (7.71e-2) - 2.0335e-1 (3.33e-2) - 1.5466e-1 (1.00e-1) - 3.8661e-1 (1.61e-1) - 1.2541e-1 (2.27e-2) - 7.4238e-2 (1.65e-2)- 5.9334e-2 (6.07e-3)+ 6.3172e-2 (1.03e-2)
8 4.0109e-1 (5.42e-2) - 1.5780e-1 (4.87e-2) - 4.6706e-1 (1.32e-1) - 4.1180e-1 (1.10e-1) - 5.9167e-1 (1.73e-1) - 3.2161e-1 (6.57e-2) - 1.6736e-1 (2.16e-2)- 1.3819e-1 (2.20e-2)- 1.0900e-1 (1.89e-2)
10 3.5539e-1 (8.19e-2) - 1.6689e-1 (3.29e-2) = 6.8777e-1 (1.84e-1) - 4.8181e-1 (1.10e-1) - 6.0395e-1 (1.78e-1) - 4.6327e-1 (1.00e-1) - 1.7474e-1 (1.93e-2)- 1.2710e-1 (1.55e-2)+ 1.7304e-1 (3.18e-2)
15 3.9750e-1 (2.14e-1) - 2.1200e-1 (4.32e-2) - 1.1457e+0 (2.72e-1) - 2.6819e-1 (5.89e-2) - 6.5395e-1 (1.70e-1) - 5.8545e-1 (1.48e-1) - 2.3091e-1 (6.53e-2)- 1.9837e-1 (2.33e-2)- 1.3739e-1 (2.69e-2)

DTLZ6

5 1.6268e-1 (2.83e-2) - 2.1730e-1 (5.81e-2) - 3.2185e-1 (6.65e-2) - 2.8864e-1 (1.01e-1) - 6.1524e-1 (1.24e-1) - 3.0293e-1 (1.01e-1) - 1.6286e-1 (4.32e-2)- 6.1306e-2 (1.60e-2)+ 8.5916e-2 (3.07e-2)
8 5.2409e-1 (3.22e-1) - 2.6452e-1 (7.11e-2) - 7.6693e-1 (1.99e-1) - 1.2390e+0 (1.07e+0) - 5.3809e+0 (1.44e+0) - 4.9364e+0 (7.72e-1) - 3.5157e-1 (2.33e-1)- 1.9971e-1 (2.83e-2)- 1.9718e-1 (4.46e-2)
10 2.5720e-1 (5.76e-2) + 2.5262e-1 (4.36e-2) + 1.0823e+0 (1.72e-1) - 2.4085e+0 (1.15e+0) - 7.0157e-1 (1.12e-2) - 2.7412e+0 (6.90e-1) - 2.7253e-1 (7.34e-2)+ 1.7201e-1 (3.26e-2)+ 3.1654e-1 (6.87e-2)
15 2.3329e-1 (8.34e-2) + 2.8888e-1 (8.24e-2) + 9.2452e+0 (4.50e-1) - 4.8470e+0 (1.11e+0) - 7.1872e-1 (1.21e-2) - 1.6009e+0 (6.53e-1) - 3.3357e-1 (1.01e-2)- 3.6602e-1 (2.28e-1)- 3.2198e-1 (4.96e-2)

DTLZ7

5 5.0223e-1 (1.31e-2) - 3.3035e-1 (2.94e-2) - 3.5627e-1 (6.71e-3) - 3.0225e-1 (4.20e-2) - 7.3310e-1 (6.19e-2) - 2.8040e-1 (6.44e-3) - 3.0230e-1 (1.87e-1)- 2.7156e-1 (5.65e-3)- 1.9543e-1 (4.57e-3)
8 1.3667e+0 (3.14e-1) - 8.0255e-1 (8.02e-2) - 1.1738e+0 (3.33e-2) - 7.6373e-1 (3.34e-2) = 1.2299e+0 (3.61e-2) - 7.3225e-1 (2.08e-2) - 6.0420e-1 (1.38e-2)- 6.5915e-1 (7.97e-3)- 5.9814e-1 (8.95e-3)
10 1.8208e+0 (3.40e-1) - 9.5673e-1 (7.07e-2) - 1.9077e+0 (5.41e-2) = 9.7217e-1 (7.67e-2) = 1.4381e+0 (4.53e-2) - 1.0072e+0 (2.38e-2) - 1.3785e+0 (2.20e-1)- 9.7964e-1 (1.65e-2)- 8.0426e-1 (7.70e-3)
15 2.4775e+0 (3.34e-1) - 6.1969e+0 (8.52e-1) - 8.6870e+0 (7.37e-3) - 6.7840e+0 (9.17e-1) - 2.6604e+0 (1.58e-1) - 2.6116e+0 (1.93e-1) - 2.2164e+0 (3.06e-1)- 1.9978e+0 (8.56e-2)= 1.9961e+0 (9.83e-2)

W-T-L — 19-2-7 15-3-10 22-1-5 20-4-4 25-2-1 23-0-5 17-4-7 22-1-5

As can be seen from Table 2, MaOEA-SCS performed outstanding on
most DTLZ problems, especially in DTLZ1. MaOEA-SCS achieved the 12
best IGD scores and 5 second best scores out of all 28 DTLZ test cas-
es. Specifically, MaOEA-SCS is better than and/or comparable to RVEA
[33], θ-DEA [20], SPEA/R [47], NSGA-III [31], MaOEA-IGD [41], VaEA
[55], AGE-MOEA [56] and proEA [21] in 75.00%, 64.29%, 82.14%, 85.71%,
96.43%, 82.14%, 75.00% and 82.14% of cases, respectively, of the 28 instances.
MaOEA-SCS follows the principle of convergence first and distribution sec-
ond so it is particularly good at dealing with those problems with a large
search space. This is also the reason why MaOEA-SCS performs well on
DTLZ1 but not as well as other algorithms on DTLZ2 and DTLZ4.

HV results on WFG instances 4 are shown in Table 3; different algorithms
had their own strengths on different problems. From the statistics, MaOEA-

3The maximum function evaluations is 42000, 46800, 110000 and 67500 for m =
{5, 8, 10, 15}, respectively

4According to [63], the current platform cannot reflect the performance of the algorithm
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Figure 10: 3-dimensional parallel coordinates of WFG3.

SCS is better than and/or comparable to RVEA [33], θ-DEA [20], SPEA/R
[47], NSGA-III [31], MaOEA-IGD [41], VaEA [55], AGE-MOEA [56] and
proEA [21] in 90.63%, 87.50%, 71.88%, 81.25%, 100.00%, 96.88%, 87.50%
and 100.00% of cases, respectively. MaOEA-SCS performed better on HV
scores in WFG6-WFG9 out of a few problems. This may be because it
adopts a pruning method same to SPEA2. Compared with θ-DEA and other
algorithms are based on decomposition method completely, MaOEA-SCS can
avoid the deficiency caused by uniform distribution of reference vectors to
some extent.

In order to further verify the effectiveness of MaOEA-SCS and the in-
fluence of parameters T1 and T2 on the algorithm, the following comparison
experiment was conducted. The settings of T1 and T2 in the experiment are

on WFG3, so we only give the results of each algorithm on 3-dimensional WFG3 in Figure
10.
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Table 3: HV results on WFG problems(W-Win, T-Tie, L-Lose)

Instances Objectives RVEA [33] θ-DEA [20] SPEA/R [47] NSGA-III [31] MaOEA-IGD [41] VaEA [55] AGE-MOEA [56] proEA [21] MaOEA-SCS

WFG1

5 3.8986e+3 (2.47e+2) - 4.7556e+3 (2.26e+2) - 4.7591e+3 (2.42e+2) - 4.2585e+3 (2.35e+2) - 3.0243e+3 (5.12e+2) - 2.9230e+3 (1.86e+2) - 4.8135e+3 (1.77e+2)- 3.0390e+3 (2.92e+2)- 4.8479e+3 (2.89e+2)
8 1.4029e+7 (1.49e+6) - 1.5986e+7 (1.20e+6) - 1.5490e+7 (1.55e+6) - 1.2746e+7 (1.15e+6) - 8.0790e+6 (2.92e+6) - 8.3053e+6 (9.83e+5) - 1.9658e+7 (6.23e+5)+ 7.6269e+6 (7.83e+5)- 1.8575e+7 (1.02e+6)
10 8.2227e+9 (5.27e+8) = 8.5879e+9 (1.68e+8) = 8.1778e+9 (5.05e+8) - 7.0549e+9 (4.23e+8) - 3.0439e+9 (9.98e+8) - 3.7030e+9 (4.49e+8) - 8.5193e+9 (4.74e+5)- 3.3387e+9 (3.30e+8)- 8.6263e+9 (8.50e+6)
15 1.3100e+17 (1.03e+16) = 1.3844e+17 (2.73e+14) = 1.2895e+17 (8.60e+15) - 1.3679e+17 (5.32e+15) - 6.3155e+16 (2.22e+16) - 6.6880e+16 (1.10e+16) - 1.3548e+17 (3.17e+12)- 5.4753e+16 (5.64e+15)- 1.3820e+17 (2.08e+14)

WFG2

5 6.0444e+3 (1.89e+1) - 6.1152e+3 (1.06e+1) + 6.1288e+3 (6.59e+0) + 6.1246e+3 (8.77e+0) + 5.7728e+3 (2.85e+2) - 6.0557e+3 (1.65e+1) - 6.0040e+3 (7.02e+0)- 5.5347e+3 (7.86e+1)- 6.0781e+3 (1.38e+1)
8 2.1442e+7 (1.19e+5) - 2.1630e+7 (1.39e+5) - 2.1824e+7 (8.54e+4) = 2.1922e+7 (8.42e+4) + 2.0663e+7 (1.55e+6) - 2.1760e+7 (9.62e+4) = 2.0589e+7 (2.00e+4)- 1.9891e+7 (1.33e+5)- 2.1779e+7 (5.75e+4)
10 9.4283e+9 (3.70e+7) - 9.5262e+9 (5.22e+7) - 9.5547e+9 (1.68e+7) = 9.5973e+9 (2.22e+7) + 9.4785e+9 (4.84e+7) - 9.5352e+9 (1.58e+7) - 6.3124e+9 (3.94e+9)- 8.3976e+9 (3.13e+7)- 9.5609e+9 (1.82e+7)
15 1.7353e+17 (2.20e+15) - 1.5022e+17 (1.11e+16) - 1.7739e+17 (6.43e+14) + 1.7738e+17 (5.96e+14) + 1.6562e+17 (1.03e+16) - 1.7662e+17 (8.81e+14) = 1.3759e+17 (1.44e+14)- 1.3501e+17 (8.42e+14)- 1.7636e+17 (2.19e+15)

WFG4

5 4.8351e+3 (2.22e+1) - 4.9221e+3 (1.21e+1) - 4.9303e+3 (9.34e+0) - 4.9027e+3 (9.58e+0) - 1.9929e+3 (1.20e+3) - 4.6157e+3 (2.11e+1) - 4.8086e+3 (1.48e+1)- 4.3588e+3 (6.91e+1)- 4.9855e+3 (1.94e+1)
8 1.9381e+7 (2.04e+5) + 1.9724e+7 (6.89e+4) - 1.9795e+7 (1.11e+5) - 1.9639e+7 (2.35e+5) - 2.9056e+6 (3.48e+6) - 1.8946e+7 (2.05e+5) - 1.9648e+7 (1.02e+5)- 1.1915e+7 (5.69e+5)- 2.0671e+7 (2.17e+5)
10 8.9771e+9 (8.16e+7) - 9.1218e+9 (2.31e+7) = 9.1637e+9 (2.69e+7) + 9.0907e+9 (8.85e+7) = 9.8106e+8 (2.77e+8) - 8.6609e+9 (6.03e+7) - 8.9572e+9 (4.45e+7)- 5.0141e+9 (2.27e+8)- 9.0499e+9 (4.53e+7)
15 1.7084e+17 (2.04e+15) = 1.7469e+17 (6.16e+14) = 1.7518e+17 (4.19e+14) + 1.6229e+17 (7.14e+15) - 2.1088e+16 (7.18e+15) - 1.6307e+17 (1.48e+15) - 1.6774e+17 (1.09e+15)- 8.2210e+16 (2.83e+16)- 1.7114e+17 (2.05e+15)

WFG5

5 4.6343e+3 (1.40e+1) - 4.6903e+3 (4.08e+0) + 4.6917e+3 (7.44e+0) + 4.6848e+3 (4.52e+0) = 3.3865e+3 (4.37e+2) - 4.4609e+3 (2.11e+1) - 4.5839e+3 (2.56e+1)- 4.1422e+3 (3.01e+1)- 4.6583e+3 (1.60e+1)
8 1.8689e+7 (7.32e+4) - 1.8858e+7 (2.92e+4) - 1.8840e+7 (4.24e+4) - 1.8801e+7 (5.52e+4) - 1.0441e+7 (6.30e+6) - 1.8070e+7 (1.19e+5) - 1.8536e+7 (1.10e+5)- 1.0203e+7 (5.71e+5)- 1.8990e+7 (7.36e+4)
10 8.5881e+9 (2.89e+7) - 8.6509e+9 (6.18e+6) = 8.6710e+9 (5.99e+6) + 8.6397e+9 (8.34e+6) = 3.7014e+9 (3.12e+9) - 8.2452e+9 (3.75e+7) - 8.4452e+9 (3.03e+7)- 4.4131e+9 (1.90e+8)- 8.6226e+9 (2.26e+7)
15 1.6355e+17 (1.59e+14) + 1.6312e+17 (2.10e+14) = 1.6326e+17 (1.55e+14) = 1.6062e+17 (5.88e+15) - 1.5691e+16 (3.46e+15) - 1.5191e+17 (1.04e+15) - 1.5697e+17 (4.90e+14)- 8.0966e+16 (1.03e+16)- 1.6290e+17 (2.95e+14)

WFG6

5 4.4246e+3 (1.03e+2) - 4.5055e+3 (8.06e+1) - 4.5445e+3 (5.43e+1) - 4.5163e+3 (8.33e+1) - 1.2112e+3 (5.07e+2) - 4.2809e+3 (7.76e+1) - 4.4249e+3 (1.02e+2)- 3.9849e+3 (7.11e+1)- 4.5678e+3 (9.87e+1)
8 1.7783e+7 (5.18e+5) - 1.8530e+7 (4.28e+5) - 1.8392e+7 (4.56e+5) - 1.8151e+7 (4.13e+5) - 6.6414e+6 (3.52e+6) - 1.7845e+7 (3.19e+5) - 1.8154e+7 (4.06e+5)- 1.0535e+7 (1.26e+6)- 1.8542e+7 (3.77e+5)
10 8.1938e+9 (2.41e+8) - 8.3496e+9 (1.41e+8) = 8.5941e+9 (1.49e+8) + 8.3849e+9 (1.75e+8) = 3.6489e+9 (2.07e+9) - 8.1017e+9 (9.07e+7) - 8.3576e+9 (1.68e+8)- 4.9113e+9 (5.69e+8)- 8.4410e+9 (1.56e+8)
15 1.1762e+17 (1.39e+16) = 1.5875e+17 (3.70e+15) + 1.6246e+17 (4.52e+15) + 1.2870e+17 (6.06e+15) + 4.1689e+16 (3.89e+16) - 1.4967e+17 (4.95e+15) = 1.5301e+17 (3.63e+15)+ 1.2457e+17 (1.84e+16)- 1.1272e+17 (5.97e+16)

WFG7

5 4.8699e+3 (2.41e+1) - 4.9515e+3 (8.53e+0) - 4.9276e+3 (9.33e+0) - 4.9294e+3 (7.20e+0) - 2.0369e+3 (5.41e+2) - 4.6925e+3 (3.60e+1) - 4.9131e+3 (1.22e+1)- 4.3521e+3 (7.98e+1)- 4.9702e+3 (9.64e+0)
8 1.6084e+7 (4.12e+5) - 1.9925e+7 (5.34e+4) - 1.9482e+7 (1.60e+5) - 1.9762e+7 (1.36e+5) - 1.1298e+7 (1.39e+5) - 1.6090e+7 (4.79e+5) - 2.0131e+7 (3.67e+4)- 1.2102e+7 (1.04e+6)- 2.0248e+7 (7.10e+4)
10 9.0177e+9 (4.20e+7) + 9.1948e+9 (2.25e+7) + 9.1075e+9 (2.82e+7) - 9.1312e+9 (1.30e+8) + 2.2569e+9 (1.42e+9) - 8.9461e+9 (3.09e+7) + 9.1824e+9 (1.73e+7)+ 5.4321e+9 (6.02e+8)- 8.8814e+9 (1.30e+9)
15 1.5027e+17 (2.39e+16) - 1.7551e+17 (2.92e+14) - 1.7347e+17 (7.83e+14) - 1.6629e+17 (6.25e+15) - 3.0372e+16 (1.30e+16) - 1.6761e+17 (1.03e+15) - 1.7210e+17 (5.26e+14)- 1.5646e+17 (6.29e+15)- 1.7630e+17 (4.17e+16)

WFG8

5 4.1019e+3 (3.38e+1) - 4.2090e+3 (1.04e+1) - 4.3050e+3 (2.44e+1) + 4.1960e+3 (2.32e+1) - 2.4568e+2 (2.97e+2) - 3.8793e+3 (3.50e+1) - 4.1069e+3 (2.41e+1)+ 3.5788e+3 (6.00e+1)- 4.2244e+3 (2.28e+1)
8 1.4011e+7 (1.13e+6) - 1.6766e+7 (2.56e+5) - 1.7228e+7 (2.94e+5) - 1.6771e+7 (4.56e+5) - 4.6685e+6 (3.64e+6) - 1.5442e+7 (3.14e+5) - 1.6780e+7 (3.49e+5)- 1.5872e+7 (4.28e+5)- 1.7485e+7 (3.55e+5)
10 6.8990e+9 (7.17e+8) - 8.2235e+9 (1.51e+8) - 8.5964e+9 (1.84e+8) = 7.9415e+9 (2.90e+8) - 1.7312e+9 (6.10e+8) - 7.4770e+9 (1.21e+8) - 8.2110e+9 (3.09e+8)- 7.8693e+9 (8.86e+7)- 8.6714e+9 (5.14e+8)
15 1.0040e+17 (2.11e+16) - 1.6064e+17 (3.30e+15) = 1.6346e+17 (2.28e+15) = 1.0901e+17 (1.69e+16) - 3.3513e+16 (1.08e+16) - 1.4863e+17 (2.11e+15) - 1.5720e+17 (1.14e+15)- 1.5058e+17 (2.22e+15)- 1.6019e+17 (5.19e+16)

WFG9

5 4.4840e+3 (7.06e+1) - 4.6830e+3 (2.89e+1) - 4.5664e+3 (4.22e+1) - 4.5909e+3 (4.99e+1) - 3.1964e+3 (1.07e+3) - 4.3298e+3 (6.17e+1) - 4.5776e+3 (2.99e+1)- 4.1627e+3 (6.01e+1)- 4.6955e+3 (1.92e+1)
8 1.7482e+7 (3.44e+5) - 1.8207e+7 (2.56e+5) - 1.7345e+7 (8.81e+5) - 1.7327e+7 (1.17e+6) - 1.0925e+7 (4.86e+6) - 1.6588e+7 (1.17e+6) - 1.8162e+7 (1.46e+5)- 1.1437e+7 (7.23e+5)- 1.8327e+7 (8.95e+5)
10 8.2612e+9 (1.61e+8) - 8.4334e+9 (2.84e+8) - 8.3475e+9 (1.26e+8) - 8.0972e+9 (5.72e+8) - 5.7905e+9 (2.20e+9) - 7.9423e+9 (3.53e+8) - 8.3584e+9 (6.01e+7)- 5.1445e+9 (2.20e+8)- 8.5374e+9 (6.23e+7)
15 1.4127e+17 (9.88e+15) = 1.5353e+17 (3.93e+15)- 1.5149e+17 (5.36e+15) - 1.4862e+17 (6.97e+15) - 7.8623e+16 (4.40e+16) - 1.3733e+17 (9.03e+15) - 1.5125e+17 (1.55e+15)- 1.2227e+17 (2.41e+16)- 1.5545e+17 (1.14e+16)

W-T-L — 24-5-3 20-8-4 18-5-9 22-4-6 32-0-0 28-3-1 28-0-4 32-0-0

shown in Table 4. It should be noted that the initial value of T2 is automat-
ically obtained during the execution of MaOEA-SCS, which can be shown
in equation 7. T2 is set to greater than T1 to give the population a chance
to evolve under the current stage for a while, rather than switching stage
frequently. The other settings, such as population size and iteration times,
are consistent with the previous settings.

T2 = max{0.5, 3× ABS(AveDcPt− AveDcP ′t)}. (7)

Table 4: The parameter settings of MaOEA-SCS and its three variants

Version MaOEA-SCS-A MaOEA-SCS-B MaOEA-SCS-C MaOEA-SCS
flag 1 0 1 1
T1 0 inf 0.005 0.005
T2 inf 0 Adaptive Adaptive

Changing and repairing No No No Yes

In Table 4, MaOEA-SCS-A sets T1 as 0; in fact, only convergence is con-
sidered in the entire algorithm of this variant. In contrast, MaOEA-SCS-B
only considers the distribution of the population. MaOEA-SCS-C, the third
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Table 5: IGD results of MaOEA-SCS and its variants(W-Win, T-Tie, L-Lose)

Instances Objectives MaOEA-SCS-A MaOEA-SCS-B MaOEA-SCS-C MaOEA-SCS

DTLZ1

5 5.3012e-2 (1.31e-4)- 1.4963e+0 (1.10e+0)- 5.1513e-2 (4.68e-3)- 5.0895e-2 (1.42e-3)
8 1.0613e-1 (2.53e-3)- 6.9921e+1 (4.37e+1)- 1.1527e-1 (2.26e-3)- 9.6380e-2 (6.25e-3)
10 1.0749e-1 (1.54e-3)- 1.2594e+2 (4.23e+1)- 1.3523e-1 (1.47e-3)- 1.0684e-1 (5.39e-3)
15 1.7006e-1 (1.14e-2)- 2.2518e+2 (3.63e+1)- 1.5730e-1 (3.23e-2)- 1.3300e-1 (1.08e-3)

DTLZ2

5 1.8557e-1(1.02e-3)- 1.7922e-1 (1.35e-3)+ 1.6924e-1 (2.63e-3)+ 1.9050e-1 (1.99e-3)
8 4.1693e-1 (5.41e-3)= 2.3286e+0 (5.05e-2)- 3.8954e+0 (7.99e-2)- 3.6142e-1 (2.32e-3)
10 4.6797e-1 (3.06e-3)= 2.4148e+0 (1.63e-2)- 2.4623e+0 (1.98e-2)- 4.2636e-1 (2.16e-3)
15 8.1716e-1 (4.90e-2)- 2.6130e+0 (1.50e-2)- 2.3521e+0 (1.73e-2)- 6.1268e-1 (1.53e-2)

DTLZ3

5 1.8312e-1 (1.54e-3)= 6.4544e+1 (3.65 e+1)- 1.6755e-1 (3.38e-3)+ 1.9396e-1 (1.85e-2)
8 3.9548e-1 (8.02e-3)- 9.5087e+2 (1.61e+2)- 3.9251e-1 (6.72e-3)= 3.6813e-1 (7.30e-3)
10 4.5080e-1 (5.22e-3)- 1.2431e+3 (1.48e+2)- 4.0372e-1 (2.75e-3)= 4.2571e-1 (5.47e-3)
15 7.9964e-1 (3.72e-2)- 1.6842e+3 (1.05e+2)- 6.5177e-1 (3.15e-2)- 6.2896e-1 (1.30e-2)

DTLZ4

5 1.9099e-1 (1.08e-3)- 1.8765e-1 (1.03e-3)+ 1.8791e-1 (4.73e-3)+ 1.9070e-1 (1.84e-3)
8 4.3001e-1 (2.93e-2)- 2.3341e+0 (3.62e-2)- 1.1844e+0 (4.25e-1)- 3.6527e-1 (2.17e-2)
10 4.6375e-1 (3.76e-3)- 2.4259e+0 (2.13e-2)- 3.7558e+0 (3.45e-2)- 4.1745e-1 (1.81e-3)
15 6.8771e-1 (5.10e-3)= 2.6260e+0 (1.49e-2)- 3.5823e+0 (1.65e-2)- 6.0627e-1 (1.08e-2)

DTLZ5

5 7.7011e-2 (3.02e-4)- 1.9266e-1 (4.04e-2)- 1.2403e-1 (1.01e-2)- 6.3172e-2 (1.03e-2)
8 1.2970e-1 (3.96e-4)- 1.3838e+0 (6.04e-1)- 1.8945e+0 (3.24e-1)- 1.0900e-1 (1.89e-2)
10 1.2013e-1 (5.21e-4)+ 1.8804e+0 (7.29e-1)- 1.2545e+0 (3.90e-1)- 1.7304e-1 (3.18e-2)
15 1.5606e-1 (1.72e-3)= 2.5311e+0 (2.11e-2)- 2.4577e+0 (3.84e-2)- 1.3739e-1 (2.69e-2)

DTLZ6

5 7.6801e-2 (2.55e-4)= 2.5547e-1 (1.25e-2)- 1.0498e-1 (1.02e-1)- 8.5916e-2 (3.07e-2)
8 1.3310e-1 (3.34e-3)+ 9.9212e+0 (4.49e-2)- 4.5612e+0 (2.85e+0)- 1.9718e-1 (4.46e-2)
10 1.2255e-1 (1.40e-3)+ 9.9738e+0 (2.83e-2)- 6.6864e+0 (2.22e+0)- 3.1654e-1 (6.87e-2)
15 1.5738e-1 (8.78e-4)+ 1.0060e+1 (3.71e-2)- 8.4996e+0 (7.46e-1)- 3.2198e-1 (4.96e-2)

DTLZ7

5 1.1121e+0 (1.32e-2)- 1.5475e+0 (3.44e-2)- 2.1274e-1 (4.32e-3)- 1.9543e-1 (4.57e-3)
8 2.4047e+0 (1.72e-1)- 1.4879e+0 (2.86e-1)- 6.4213e-1 (2.82e-2)- 5.9814e-1 (8.95e-3)
10 3.1784e+0 (2.07e-1)- 3.7263e+0 (5.95e-1)- 1.1222e+0 (3.11e-1)- 8.0426e-1 (7.70e-3)
15 3.6129e+0 (1.28e-1)+ 4.4523e+1 (7.43e+0)- 4.4216e+0 (1.31e+0)- 1.9961e+0 (9.83e-2)

W-T-L — 17-6-5 26-0-2 23-2-3

23



0 100 200 300 400 500 600

Stage1

Iteration times

S
t
a
g
e

1

2

Stage2

(a) 15-dimensional of DTLZ1

0 100 200 300 400 500 600

Stage1

Iteration times

S
t
a
g
e

1

2

Stage2

(b) 15-dimensional of DTLZ2

0 100 200 300 400 500 600

Stage1

Iteration times

S
t
a
g
e

1

2

Stage2

(c) 15-dimensional of DTLZ5

0 100 200 300 400 500 600

Stage1

Iteration times

S
t
a
g
e

1

2

Stage2

(d) 15-dimensional of DTLZ7

Figure 11: The time point of stage change of some DTLZ problems.
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Figure 12: The time point of stage change of some WFG problems.
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Table 6: HV results of MaOEA-SCS and its variants(W-Win, T-Tie, L-Lose)

Instances Objectives MaOEA-SCS-A MaOEA-SCS-B MaOEA-SCS-C MaOEA-SCS

WFG1

5 5.1838e+3 (1.55e+2)+ 4.111e+3 (8.21e+2)- 4.3238e+3 (1.12e+2)- 4.8479e+3 (2.89e+2)
8 1.8408e+7 (1.52e+6)- 1.0223e+7 (1.02e+6)- 1.0524e+7 (2.65e+5)- 1.8575e+7 (1.02e+6)
10 8.6186e+9 (1.07e+7)- 5.2102e+9 (5.30e+8)- 8.4215e+9 (3.83e+8)- 8.6263e+9 (8.50e+6)
15 1.1956e+17 (1.05e+16)- 1.2002e+17 (8.28e+15)- 1.1121e+17 (1.98e+16)- 1.3820e+17 (2.08e+14)

WFG2

5 5.8521e+3 (4.91e+1)- 6.1000e+3 (3.95e+0)- 6.2020e+3 (1.21e+1)+ 6.0781e+3 (1.38e+1)
8 2.1468e+7 (2.79e+5)- 2.1822e+7 (9.01e+4)- 2.1833e+7 (1.36e+4)+ 2.1779e+7 (5.75e+4)
10 9.4809e+9 (4.45e+7)- 9.5551e+9 (1.98e+7)- 9.5454e+9 (2.13e+7)- 9.5609e+9 (1.82e+7)
15 1.6996e+17 (3.38e+15)- 1.7772e+17 (5.20e+14)+ 1.7752e+17 (2.31e+15)+ 1.7636e+17 (2.19e+15)

WFG4

5 3.7521e+3 (9.01e+1)- 4.5388e+3 (4.35e+1)- 4.5233e+3 (5.43e+1)- 4.9855e+3 (1.94e+1)
8 9.0513e+6 (9.42e+4)- 1.6709e+7 (1.44e+5)- 1.6520e+7 (1.32e+5)- 2.0671e+7 (2.17e+5)
10 3.8949e+9 (9.56e+7)- 7.5479e+9 (1.13e+8)- 7.7301e+9 (4.54e+7)- 9.0499e+9 (4.53e+7)
15 5.3833e+16 (1.12e+16)- 1.1580e+17 (5.29e+15)- 1.6342e+17 (3.54e+15)- 1.7114e+17 (2.05e+15)

WFG5

5 3.3887e+3 (4.34e+1)- 4.4289e+3 (5.42e+1)- 4.4662e+3 (3.35e+1)- 4.6583e+3 (1.60e+1)
8 8.3216e+6 (3.41e+5)- 1.6088e+7 (4.13e+5)- 1.7002e+7 (1.22e+5)- 1.8990e+7 (7.36e+4)
10 3.6490e+9 (8.80e+7)- 7.2348e+9 (1.48e+8)- 8.0010e+9 (9.21e+7)- 8.6226e+9 (2.26e+7)
15 6.0846e+16 (6.40e+15)- 1.1032e+17 (6.72e+15)- 1.2242e+17 (8.01e+15)- 1.6290e+17 (2.95e+14)

WFG6

5 3.4499e+3 (8.98e+1)- 4.3812e+3 (7.34e+1)- 4.4327e+3 (6.23e+1)- 4.5678e+3 (9.87e+1)
8 7.7829e+6 (8.92e+5)- 1.6260e+7 (2.56e+5)- 1.6023e+7 (2.43e+5)- 1.8542e+7 (3.77e+5)
10 3.2867e+9 (2.71e+8)- 6.9270e+9 (2.58e+8)- 7.8267e+9 (1.68e+8)- 8.4410e+9 (1.56e+8)
15 2.4844e+16 (4.05e+15)- 1.0721e+17 (3.07e+15)- 1.0624e+17 (7.53e+15) 1.1272e+17 (5.97e+16)

WFG7

5 3.9284e+3 (2.45e+2)- 4.6088e+3 (7.52e+1)- 4.5500e+3 (5.63e+1)- 4.9702e+3 (9.64e+0)
8 8.8333e+6 (3.31e+5)- 1.5582e+7 (7.51e+5)- 1.5001e+7 (1.31e+5)- 2.0248e+7 (7.10e+4)
10 3.7927e+9 (2.39e+8)- 7.0508e+9 (1.07e+8)- 7.0042e+9 (3.64e+8)- 8.8814e+9 (1.30e+9)
15 2.6490e+16 (5.72e+15)- 1.0575e+17 (8.78e+15)- 1.0336e+17 (5.08e+15)- 1.7630e+17 (4.17e+16)

WFG8

5 3.3274e+3 (8.15e+1)- 3.8479e+3 (5.12e+1)- 3.9372e+3 (1.54e+1)- 4.2244e+3 (2.28e+1)
8 9.2826e+6 (1.18e+6)- 1.3089e+7 (6.24e+5)- 1.5423e+7 (5.34e+5)- 1.7485e+7 (3.55e+5)
10 3.8195e+9 (3.58e+8)- 5.7561e+9 (2.98e+8)- 7.9241e+9 (7.32e+8)- 8.6714e+9 (5.14e+8)
15 2.5868e+16 (8.67e+15)- 5.9888e+16 (1.41e+16)- 9.6508e+16 (4.34e+16)- 1.6019e+17 (5.19e+16)

WFG9

5 3.5899e+3 (4.52e+1)- 4.2329e+3 (6.28e+1)- 4.2371e+3 (2.72e+1)- 4.6955e+3 (1.92e+1)
8 9.3449e+6 (3.80e+5)- 1.4316e+7 (1.00e+6)- 1.4504e+7 (8.10e+5)- 1.8327e+7 (8.95e+5)
10 4.2225e+9 (1.11e+8)- 6.7128e+9 (4.55e+8)- 7.6777e+9 (2.35e+8)- 8.5374e+9 (6.23e+7)
15 6.2178e+16 (8.15e+15)- 1.0851e+17 (1.10e+16)- 1.4214e+17 (2.42e+15)- 1.5545e+17 (1.14e+16)

W-T-L — 31-0-1 31-0-1 29-0-3
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variant, adopts the staged coordination selection but the parameters T1 and
T2 are fixed, while parameters will be changed and repaired 5 with the evo-
lution process in MaOEA-SCS. The variants are compared with the original
MaOEA-SCS in DTLZ and WFG instances, and the results are presented in
Table 5 and Table 6, respectively.

In both Table 5 and Table 6, we can see that the results of MaOEA-SCS
are superior to its variants. The variant of staged coordination selection with
fixed T1 and T2 comes in second. An interesting finding is that the variant of
only considering convergence performs better than the only maintaining the
distribution of the population variant in the DTLZ problems, while on WFG
instances, the variant of only maintaining distributed performs better than
the only considering convergence variant. To show the effectiveness of T1 and
T2 more clearly, the figures about the time point of stage change of MaOEA-
SCS are presented in Figure 11 and Figure 12, respectively. As can be seen
from the two figures, instead of splitting the whole evolutionary process in two
parts, the convergence stage and distribution stage are alternating. MaOEA-
SCS fully combines the advantages of the first and second variants, and the
two are complementary to each other in MaOEA-SCS.

4.4. Further experimental on the MaOP test problems

For further detection the performance of algorithms to solve the prob-
lems with complicated PFs or PSs, MaOEA-SCS and other eight excellent
algorithms were run on the MaOP test problems, which were proposed by Li
et al. [64]. There are 10 instances in this series, each of which is very novel
and challenging. The features of MaOP1-MaOP10 can be listed in Table
7. For all the MaOP problems, the length of decision variables is set to 10,
the parameter D in MaOP suit is set to 5 and the other settings are same to
mentioned before. As recommended by [64], the IGD is employed to evaluate
the performance of each algorithm, and the results are shown in Table 8.

In the MaOP suit, MaOEA-SCS is in the leading position on 21 out of
40 cases. Specifically, MaOEA-SCS is better than and/or comparable to
RVEA [33], θ-DEA [20], SPEA/R [47], NSGA-III [31], MaOEA-IGD [41],
VaEA [55], AGE-MOEA [56] and proEA [21] in 87.50%, 87.50%, 87.50%,
90.00%, 92.50%, 90.00%, 85.00% and 80.00% of cases. In order to compare

5Only when the value of flag changed did T1 and T2 change. Specifically, T1 = 1.4×T1

and T2 = 0.95 × T2 for each change. If T1 is greater than 1, repairing it to 0.5; if T2 is
smaller than 0.05, repairing it to 0.1.
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the performance of each algorithm more intuitively, we give some results
of the parallel coordinates system of each algorithm on the 5-dimensional
problems.

Table 7: Features of MaOP problems [64]

Instances Features
MaOP1 inverse of simplex, objective scales, multimodality
MaOP2 complicated PS

MaOP3 - MaOP4 complicated PS, bias
MaOP5 - MaOP6 complicated PS, degeneracy
MaOP7 - MaOP10 complicated PS, local degeneracy

Table 8: IGD results on MaOP problems(W-Win, T-Tie, L-Lose)

Instances Objectives RVEA [33] θ-DEA [20] SPEA/R [47] NSGA-III [31] MaOEA-IGD [41] VaEA [55] AGE-MOEA [56] proEA [21] MaOEA-SCS

MaOP1

5 9.0368e+0 (8.63e-1) - 6.1875e+0 (8.76e-1) - 6.5645e+0 (3.82e-1) - 6.3430e+0 (5.53e-1) - 1.2493e+1 (9.29e-2) - 3.4931e+0 (4.69e-2) - 3.4593e+0 (3.88e-2)- 3.4971e+0 (8.31e-2)- 3.4535e+0 (1.42e+0)
8 2.4299e+1 (1.95e+0) + 1.3086e+1 (9.15e-1) + 1.8097e+1 (1.14e+0) + 1.2246e+1 (4.80e-1) + 2.7973e+1 (1.61e-1) + 9.6077e+0 (1.26e-1) + 9.9095e+0 (1.25e-1)+ 9.8353e+0 (8.92e-2)+ 3.3584e+1 (1.75e+0)
10 3.2259e+1 (2.54e+0) - 1.6506e+1 (1.15e+0) - 1.9631e+1 (1.03e+0) - 1.5154e+1 (5.39e-1) - 3.6044e+1 (9.20e-3) - 1.1852e+1 (1.42e-1) + 1.2892e+1 (1.55e-1)- 1.2803e+1 (1.34e-1)= 1.2836e+1 (7.10e+0)
15 7.8306e+1 (1.33e+1) - 2.8384e+1 (1.33e+0) - 3.5744e+1 (2.56e+0) - 2.5930e+1 (8.05e-1) + 5.9162e+1 (4.26e-1) - 2.9283e+1 (5.85e-1) - 2.7247e+1 (4.85e-1)- 3.0382e+1 (2.25e+0)- 2.6383e+1 (9.08e+0)

MaOP2

5 9.0872e-2 (5.05e-3) + 9.7036e-2 (2.48e-3) + 1.2048e-1 (7.06e-3) - 9.0907e-2 (8.27e-4) + 3.5702e-1 (4.37e-2) - 1.1286e-1 (6.03e-3) - 7.7134e-2 (1.41e-3)+ 1.4614e-1 (3.56e-3)- 1.0738e-1 (6.59e-3)
8 2.1188e-1 (9.18e-3) + 2.2659e-1 (2.55e-2) + 2.2355e-1 (1.35e-2) + 2.2996e-1 (6.47e-2) = 3.9265e-1 (8.32e-2) - 2.3446e-1 (9.73e-3) + 1.6128e-1 (2.16e-3)+ 3.1261e-1 (1.06e-2)- 2.5321e-1 (1.29e-2)
10 2.0969e-1 (6.90e-3) + 2.0782e-1 (8.62e-3) + 2.0604e-1 (1.36e-2) + 2.2112e-1 (4.64e-2) = 3.1519e-1 (8.87e-2) - 2.3278e-1 (7.41e-3) = 1.5479e-1 (1.71e-3)+ 2.8836e-1 (7.15e-3)- 2.3176e-1 (7.27e-3)
15 2.2345e-1 (3.68e-3) + 2.4388e-1 (1.27e-2) = 2.2791e-1 (1.89e-2) + 2.7389e-1 (1.36e-2) - 4.3521e-1 (2.15e-1) - 2.4343e-1 (1.96e-2) = 1.8873e-1 (1.44e-3)+ 2.6341e-1 (1.22e-2)- 2.4529e-1 (8.63e-3)

MaOP3

5 3.6475e+0 (1.57e-1) - 3.0905e+0 (1.18e-1) - 3.5071e+0 (1.86e-1) - 3.5493e+0 (1.51e-1) - 2.8470e+0 (1.76e-1) - 4.1454e+0 (1.79e-1) - 2.8922e+0 (1.63e-1)- 2.6326e+0 (9.53e-2)- 1.8296e+0 (8.79e-2)
8 3.0976e+0 (1.42e-1) - 3.7614e+0 (2.67e-1) - 5.7470e+0 (2.84e-1) - 4.8910e+0 (3.35e-1) - 4.1426e+0 (1.85e+0) - 6.6051e+0 (6.44e-1) - 3.2511e+0 (3.33e-1)- 2.8273e+0 (1.54e-1)- 1.9512e+0 (1.80e-1)
10 2.4480e+0 (1.09e-1) - 2.7265e+0 (1.65e-1) - 6.6743e+0 (6.02e-1) - 4.8861e+0 (2.47e-1) - 3.9892e+0 (6.98e-1) - 7.6900e+0 (5.13e-1) - 2.5741e+0 (2.81e-1)- 2.8200e+0 (1.05e+0)- 1.3979e+0 (2.11e-1)
15 1.4539e+0 (8.13e-1) = 1.7117e+0 (1.08e+0) = 4.7138e+0 (3.90e+0) = 3.8733e+0 (3.92e+0) - 1.9872e+1 (2.37e+1) = 4.1472e+0 (3.39e+0) = 2.1252e+0 (1.93e-2)- 2.849e+0 (1.32e+0) - 1.4127e+0 (6.41e-1)

MaOP4

5 3.6006e-1 (7.21e-3) - 3.4475e-1 (2.67e-4) - 4.2980e-1 (2.54e-2) - 3.3728e-1 (5.18e-4) + 3.3731e-1 (3.08e-4) + 3.3143e-1 (7.06e-3) + 3.4794e-1 (1.74e-4)- 3.2813e-1 (1.44e-4)+ 3.4038e-1 (1.27e-3)
8 4.2005e-1 (1.25e-2) = 3.9554e-1 (4.20e-4) + 4.8365e-1 (1.85e-2) - 4.1947e-1 (7.07e-2) - 3.9768e-1 (1.01e-3) + 4.2228e-1 (8.40e-4)- 4.2228e-1 (8.40e-4)- 4.2651e-1 (8.92e-4)= 4.1625e-1 (4.33e-3)
10 4.8765e-1 (1.68e-2) - 4.6330e-1 (1.97e-3) - 4.8783e-1 (3.69e-3) - 4.6371e-1 (1.60e-2) = 4.6253e-1 (9.72e-4) - 4.8783e-1 (3.81e-2) = 4.6783e-1 (1.46e-3)= 4.4798e-1 (6.62e-4)- 4.6105e-1 (1.01e-2)
15 6.3301e-1 (1.11e-2) = 6.4014e-1 (2.70e-2) = 6.6490e-1 (1.10e-2) - 7.0523e-1 (6.09e-2) - 6.2555e-1 (6.62e-3) = 6.2152e-1 (1.39e-2) = 6.8517e-1 (3.63e-3)- 6.3651e-1 (4.09e-2)- 6.3014e-1 (2.03e-2)

MaOP5

5 5.7639e-1 (1.30e-1) - 4.6914e-1 (1.06e-1) - 6.3107e-1 (1.18e-1) - 3.1263e-1 (6.97e-2) - 2.3153e+0 (2.82e-5) - 3.6144e-1 (5.11e-2) - 2.2884e-1 (1.81e-2)- 2.6728e-1 (1.84e-2)- 2.1959e-1 (8.83e-3)
8 8.2525e-1 (2.45e-1) - 4.2682e-1 (1.44e-1) - 2.0136e+0 (1.22e+0) - 5.7424e-1 (1.25e-1) - 2.2076e+0 (1.29e-1) - 7.2957e-1 (2.77e-1) - 4.4453e-1 (1.40e-1)- 3.2637e-1 (6.42e-2)- 1.1467e-1 (7.77e-2)
10 1.1450e+0 (2.59e-1) - 8.6602e-1 (2.93e-1) - 3.6045e+0 (1.84e+0) - 9.4324e-1 (4.10e-1) - 2.5142e+0 (4.40e-2) - 6.9541e-1 (2.14e-1) - 6.1318e-1 (1.29e-1)- 6.7852e-1 (9.82e-2)- 3.1068e-1 (3.31e-1)
15 1.6837e+0 (2.28e-1) - 2.1300e+0 (7.74e-1) - 7.7543e+0 (6.71e+0) - 2.6405e+0 (6.71e-1) - 2.9751e+0 (1.98e-1) - 1.6258e+0 (6.81e-1) - 1.7587e+0 (5.61e-1)- 1.0772e+0 (4.82e-1)- 6.2381e-1 (4.22e-1)

MaOP6

5 1.4191e+0 (1.08e-1) = 1.5205e+0 (8.91e-2) = 1.7341e+0 (4.52e-1) = 1.6357e+0 (3.97e-1) - 1.6520e+0 (8.38e-3) - 1.4075e+0 (5.17e-2) = 1.3577e+0 (5.85e-2)+ 1.2724e+0 (3.26e-2)+ 1.4486e+0 (1.15e-1)
8 1.7528e+0 (5.02e-2) - 1.7129e+0 (7.36e-2) = 2.7448e+0 (1.58e+0) - 2.3750e+0 (1.48e+0) - 1.8633e+0 (7.63e-4) - 1.8160e+0 (5.11e-2) - 1.6963e+0 (8.33e-2)= 1.7002e+0 (2.91e-2)- 1.6821e+0 (5.80e-2)
10 1.7225e+0 (4.66e-2) - 1.7352e+0 (4.29e-2) - 2.2985e+0 (1.54e-1) - 1.7351e+0 (7.73e-2) = 1.7950e+0 (6.15e-4) - 1.8001e+0 (1.25e-2) - 1.7205e+0 (1.86e-2)- 1.7066e+0 (2.02e-2)- 1.6863e+0 (3.23e-2)
15 2.0948e+0 (3.71e-2) = 9.1949e+0 (3.26e+0) - 4.1470e+0 (2.01e+0) - 7.3193e+0 (3.74e+0) - 2.1362e+0 (2.08e-4) - 2.1704e+0 (7.57e-3) - 2.1224e+0 (1.17e-2)- 2.0956e+0 (2.37e-2)- 2.0736e+0 (3.96e-2)

MaOP7

5 3.4253e-1 (2.83e-2) - 2.1327e-1 (1.32e-2) - 3.4617e-1 (2.28e-2) - 2.2408e-1 (1.76e-2) - 8.6834e-1 (2.19e-2) - 1.5221e-1 (1.09e-2) - 1.6218e-1 (2.30e-2)- 1.7452e-1 (7.90e-3)- 1.2670e-1 (1.07e-2)
8 1.4516e+0 (2.71e-1) - 1.2053e+1 (9.19e+0) - 1.3284e+0 (1.05e+0) - 1.5381e+1 (9.82e+0) - 1.1260e+0 (3.80e-2) - 4.8457e+0 (2.98e+0) - 4.3282e+1 (1.86e+1)- 4.4577e-1 (3.79e-2)+ 7.1006e-1 (1.50e-1)
10 1.5701e+0 (2.42e-1) - 4.1408e+0 (1.94e+0) - 1.3320e+0 (1.78e-1) - 4.5666e+1 (4.15e+1) - 1.4120e+0 (5.13e-3) - 4.8968e+0 (3.04e+0) - 6.6712e+1 (3.53e+1)- 5.9726e-1 (6.11e-2)+ 7.2480e-1 (8.55e-2)
15 1.6588e+0 (3.92e-2) - 1.2847e+0 (1.01e-1) - 1.6485e+0 (1.57e-2) - 1.0873e+0 (2.27e-1) - 2.1831e+0 (7.58e-2) - 1.1383e+0 (6.75e-2) - 9.2912e-1 (1.85e-1)- 1.6078e+0 (1.32e-1)- 6.7267e-1 (2.33e-1)

MaOP8

5 3.8150e-1 (5.22e-2) - 2.6423e-1 (2.30e-2) - 3.3072e-1 (3.26e-2) - 2.6661e-1 (3.46e-2) - 7.2021e-1 (6.68e-2) - 1.7599e-1 (1.61e-2) = 1.9552e-1 (2.68e-2)- 2.0566e-1 (1.87e-2)- 1.8198e-1 (1.17e-2)
8 1.9254e+0 (2.79e-1) - 9.9958e+0 (4.64e+0) - 1.2639e+0 (5.10e-1) - 2.5340e+1 (1.71e+1) - 9.5304e-1 (3.17e-2) - 5.2741e+0 (2.27e+0) - 3.4123e+1 (1.43e+1)- 7.9258e-1 (4.26e-2)= 6.3148e-1 (2.84e-2)
10 2.1029e+0 (8.85e-2) - 4.1391e+0 (2.47e+0) - 1.5451e+0 (4.76e-1) - 3.6647e+1 (2.77e+1) - 1.2200e+0 (2.45e-1) - 3.9659e+0 (1.58e+0) - 5.1446e+1 (2.18e+1)- 6.9642e-1 (3.06e-2)= 6.9490e-1 (3.72e-2)
15 1.5083e+0 (3.12e-2) - 1.0809e+0 (1.49e-1) = 1.3695e+0 (2.80e-1) - 1.1054e+0 (1.70e-1) = 2.2852e+0 (3.93e-2) - 1.1252e+0 (1.19e-1) = 1.1111e+0 (9.49e-2)- 1.5700e+0 (1.82e-1)- 1.0965e+0 (7.80e-2)

MaOP9

5 5.2688e-1 (1.09e-1) - 3.2818e-1 (4.58e-2) - 4.0482e-1 (7.84e-2) - 1.9084e-1 (2.59e-2) - 1.4314e+0 (1.46e-1) - 1.8976e-1 (6.40e-3) - 1.9249e-1 (5.82e-3)- 1.8526e-1 (1.01e-2)- 1.5930e-1 (2.64e-3)
8 2.4083e+0 (3.18e-1) - 7.6949e+0 (4.50e+0) - 1.8023e+0 (1.25e-1) - 2.2509e+1 (1.94e+1) - 2.0964e+0 (1.61e-1) - 4.8780e+0 (1.93e+0) - 5.0926e+1 (1.91e+1)- 7.9519e-1 (5.49e-2)+ 1.0846e+0 (9.19e-2)
10 2.5725e+0 (2.43e-1) - 3.6427e+0 (1.25e+0) - 2.1301e+0 (2.54e-1) - 6.8577e+1 (1.32e+2) - 2.4554e+0 (1.07e-1) - 4.6906e+0 (1.68e+0) - 5.3065e+1 (2.40e+1)- 9.8557e-1 (4.26e-2)+ 1.3158e+0 (7.55e-2)
15 2.7754e+0 (4.12e-2) - 2.2573e+0 (6.99e-2) - 2.5182e+0 (3.09e-2) - 1.9760e+0 (1.20e-1) = 3.3056e+0 (5.71e-2) - 1.9292e+0 (9.43e-2) = 1.9775e+0 (9.07e-2)= 1.9417e+0 (9.84e-2)- 1.9379e+0 (1.03e-1)

MaOP10

5 1.9732e+0 (2.09e-1) - 3.2810e+0 (4.16e-1) - 2.2982e+0 (3.85e-1) - 5.2396e+0 (1.62e+0) - 2.1135e+0 (8.38e-2) - 4.4632e+0 (1.55e+0) - 1.7557e+1 (9.48e+0)- 3.1587e+0 (5.19e-1)- 1.2835e+0 (1.93e-1)
8 2.4898e+0 (1.17e-2) - 3.1685e+0 (4.44e-1) - 2.4679e+0 (2.86e-2) - 9.9062e+0 (8.05e+0) - 2.4524e+0 (5.30e-2) - 4.5559e+0 (9.48e-1) - 4.0651e+1 (1.44e+1)- 1.4558e+0 (4.88e-2)+ 1.6313e+0 (1.04e-1)
10 2.6764e+0 (3.06e-2) - 3.2370e+0 (2.80e-1) - 2.6330e+0 (2.48e-2) - 1.1431e+1 (5.52e+0) - 2.6708e+0 (7.57e-2) - 5.3105e+0 (9.35e-1) - 4.8251e+1 (2.13e+1)- 1.7841e+0 (5.14e-2)- 1.7031e+0 (3.15e-2)
15 3.6692e+0 (5.41e-2) - 5.1582e+0 (2.83e+0) - 3.5349e+0 (3.39e-1) - 3.6166e+1 (3.54e+1) - 3.6583e+0 (3.25e-2) - 3.3258e+0 (3.69e-1) - 1.1095e+2 (4.31e+1)- 2.6737e+0 (5.19e-2)- 2.3253e+0 (1.46e-1)

W-T-L — 30-5-5 29-6-5 34-2-4 30-6-4 35-2-3 26-10-4 31-3-6 28-4-8

As can be seen from Figure 13, MaOEA-SCS, VaEA, AGE-MOEA and
proEA are undoubtedly the best performing algorithms, while the others are
not well distributed, especially RVEA and MaOEA-IGD. As shown in Figure
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Figure 13: MaOP1 5-dimensional parallel coordinates system.
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Figure 14: MaOP5 5-dimensional parallel coordinates system.
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Figure 15: MaOP9 5-dimensional parallel coordinates system.

14, only MaOEA-SCS and MaOEA-IGD converge completely to the true PF,
but the distribution of the latter is extremely poor. As presented in Figure
15, except that the PFs of VaEA and RVEA are similar to the true PF, the
PFs of other algorithms are different from the true. However, due to the
distribution, they don’t achieve the highest IGD score.

Compared with eight state-of-the-art algorithms, MaOEA-SCS shows
good competitiveness. MaOEA-SCS adopts decomposition and a hierarchi-
cal selection mechanism similar to θ-DEA, but they are completely different.
The aggregation function of PBI, which considers both convergence and dis-
tribution, is used in θ-DEA. In MaOEA-SCS, different aggregation functions
are selected in different stages to separate the convergence and distribution
of the population. In addition, θ-DEA randomly selects a certain number
of individuals from the critical set, while in our algorithm, all individuals
in the critical set are selected and added to the population, and dense indi-
viduals are deleted from the entire population, or only a certain number of
individuals with strong convergence are selected.
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5. Summary

In this paper, we have proposed a many-objective optimization algorith-
m based on staged coordination selection. Experimental studies on DTLZ,
WFG and MaOP problems show that the proposed algorithm is competitive
compared with eight state-of-the-art many-objective algorithms. Among the
total 100 instances, MaOEA-SCS is better than and/or comparable to RVEA
[33], θ-DEA [20], SPEA/R [47], NSGA-III [31], MaOEA-IGD [41], VaEA
[55], AGE-MOEA [56] and proEA [21] in 85.00%, 81.00%, 82.00%, 86.00%,
92.00%, 90.00%, 83.00% and 87.00% of cases, respectively. The reasons can
be summarized as follows: First, a staged coordination selection mechanism
is conducted in MaOEA-SCS. In each iteration, the convergence and diversi-
ty of the population is focused on only one aspect, which can better push the
population to the true PF in a limited number of evolutionary times. Sec-
ond, the individuals are selected according to the populations status, and the
diversity maintenance mechanism same to the archive truncation method of
SPEA2 can overcome the disadvantage caused by the decomposition frame-
work.

There are two parameters T1 and T2 in MaOEA-SCS, which have some
influence on the performance of the algorithm. In essence, these two param-
eters are a switch for staged coordination selection. In the future, we will
further investigate a better scheme to reduce the influence brought by the
parameters.
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[40] R. H. Gómez, C. A. C. Coello, MOMBI: A new metaheuristic for
many-objective optimization based on the R2 indicator, in: 2013 IEEE
Congress on Evolutionary Computation, IEEE, 2013, pp. 2488–2495.

[41] Y. Sun, G. G. Yen, Z. Yi, IGD indicator-based evolutionary algorithm
for many-objective optimization problems, IEEE Transactions on Evo-
lutionary Computation 23 (2) (2018) 173–187.

[42] R. Tanabe, H. Ishibuchi, A niching indicator-based multi-modal many-
objective optimizer, Swarm and Evolutionary Computation 49 (2019)
134–146.

[43] H. Wang, L. Jiao, X. Yao, Two arch2: An improved two-archive algo-
rithm for many-objective optimization, IEEE Transactions on Evolu-
tionary Computation 19 (4) (2014) 524–541.

[44] Y. Liu, D. Gong, J. Sun, Y. Jin, A many-objective evolutionary al-
gorithm using a one-by-one selection strategy, IEEE Transactions on
Cybernetics 47 (9) (2017) 2689–2702.

[45] M. Li, S. Yang, X. Liu, Shift-based density estimation for Pareto-based
algorithms in many-objective optimization, IEEE Transactions on Evo-
lutionary Computation 18 (3) (2013) 348–365.

[46] G. Chen, J. Li, A diversity ranking based evolutionary algorithm for
multi-objective and many-objective optimization, Swarm and Evolution-
ary Computation 48 (2019) 274–287.

[47] S. Jiang, S. Yang, A strength Pareto evolutionary algorithm based on
reference direction for multiobjective and many-objective optimization,
IEEE Transactions on Evolutionary Computation 21 (3) (2017) 329–346.

[48] C. Liu, Q. Zhao, B. Yan, S. Elsayed, T. Ray, R. Sarker, Adaptive sorting-
based evolutionary algorithm for many-objective optimization, IEEE
Transactions on Evolutionary Computation 23 (2) (2018) 247–257.

35



[49] X. Cai, Z. Mei, Z. Fan, A decomposition-based many-objective evolu-
tionary algorithm with two types of adjustments for direction vectors,
IEEE Transactions on Cybernetics 48 (8) (2017) 2335–2348.

[50] I. Das, J. E. Dennis, Normal-boundary intersection: A new method
for generating the Pareto surface in nonlinear multicriteria optimization
problems, SIAM Journal on Optimization 8 (3) (1998) 631–657.

[51] K. Deb, R. B. Agrawal, et al., Simulated binary crossover for continuous
search space, Complex Systems 9 (2) (1995) 115–148.

[52] Y. Tian, H. Wang, X. Zhang, Y. Jin, Effectiveness and efficiency of
non-dominated sorting for evolutionary multi-and many-objective opti-
mization, Complex & Intelligent Systems 3 (4) (2017) 247–263.

[53] K. Deb, L. Thiele, M. Laumanns, E. Zitzler, Scalable test problems for
evolutionary multiobjective optimization, in: Evolutionary Multiobjec-
tive Optimization, Springer, 2005, pp. 105–145.

[54] S. Huband, P. Hingston, L. Barone, L. While, A review of multiobjective
test problems and a scalable test problem toolkit, IEEE Transactions on
Evolutionary Computation 10 (5) (2006) 477–506.

[55] Y. Xiang, Y. Zhou, M. Li, Z. Chen, A vector angle-based evolutionary
algorithm for unconstrained many-objective optimization, IEEE Trans-
actions on Evolutionary Computation 21 (1) (2016) 131–152.

[56] A. Panichella, An adaptive evolutionary algorithm based on non-
euclidean geometry for many-objective optimization, Proceedings of the
Genetic and Evolutionary Computation Conference.

[57] Y. Tian, R. Cheng, X. Zhang, Y. Jin, PlatEMO: A MATLAB platform
for evolutionary multi-objective optimization [educational forum], IEEE
Computational Intelligence Magazine 12 (4) (2017) 73–87.

[58] Z. He, G. G. Yen, Many-objective evolutionary algorithms based on co-
ordinated selection strategy, IEEE Transactions on Evolutionary Com-
putation 21 (2) (2016) 220–233.

[59] L. While, P. Hingston, L. Barone, S. Huband, A faster algorithm for
calculating hypervolume, IEEE Transactions on Evolutionary Compu-
tation 10 (1) (2006) 29–38.

36



[60] D. A. Van Veldhuizen, G. B. Lamont, Evolutionary computation and
convergence to a Pareto front (1998) 221–228.

[61] M. Elarbi, S. Bechikh, A. Gupta, L. B. Said, Y.-S. Ong, A new
decomposition-based NSGA-II for many-objective optimization, IEEE
Transactions on Systems, Man, and Cybernetics: Systems 48 (7) (2017)
1191–1210.

[62] F. Wilcoxon, Individual comparisons by ranking methods (1992) 196–
202.

[63] H. Ishibuchi, H. Masuda, Y. Nojima, Pareto fronts of many-objective
degenerate test problems, IEEE Transactions on Evolutionary Compu-
tation 20 (5) (2015) 807–813.

[64] H. Li, K. Deb, Q. Zhang, P. Suganthan, L. Chen, Comparison between
MOEA/D and NSGA-III on a set of novel many and multi-objective
benchmark problems with challenging difficulties, Swarm and Evolu-
tionary Computation 46 (2019) 104–117.

37


	Introduction
	Motivation
	MaOEA-SCS
	Framework
	Association procedure
	Sorting procedure
	Mating selection procedure
	Environmental selection procedure

	Experimental design and analysis
	Performance metrics 
	General parameters
	IGD and HV results and analysis
	Further experimental on the MaOP test problems

	Summary
	Acknowledgements 

