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Abstract

A theoretical interaction consensus model in group decision making with distributed linguistic trust

information is proposed. To do that, the concept of distributed linguists trust function (DLTF) is

defined, and then the associated operational laws and aggregation operations are explored. Combing

the expectation degree and uncertainty degrees, a ranking method for distributed linguists trust func-

tion is proposed. To identify the inconsistent experts, three levels of consensus degree with DLTF are

calculated. After that, a novel feedback mechanism is activated to generate recommendation advices

for the inconsistent experts to higher consensus degree. Therefore, the inconsistent experts are able

to reach the threshold value of group consensus. Finally, after consensus has been achieved, a ranking

order relation for distributed linguists trust functions is constructed to select the most appropriate

alternative.

Keywords: Group Decision Making, Consensus, Feedback Mechanism, Distributed Linguistic Trust.

1. Introduction

In group decision making (GDM), group experts need to construct preference relations by compar-

ing a finite set of alternatives X = {x1, x2, . . . , xn}, and aggregate them to a collective one to derive

a common solution[1, 9]. However, the group of experts usually have the inconsistency problems due

to different backgrounds and knowledge on the decision making problem faced [3–5, 8, 16, 19, 20].

It is preferable that group experts reach consensus (agreement) before applying aggregation proce-

dure. This topic has attracted the interest of a large number of researchers in the field of GDM

[6, 10, 17, 22, 23]. The group interaction consensus has been proved to be an effective method to

reduce or eliminate inconsistency [7, 11, 29, 30, 32]. It usually involves a feedback mechanism to pro-

duce the recommendation advices to the inconsistent experts with a consensus level below a threshold

value on how to modify their preference values [2, 10, 14, 23]. Obviously, the efficiency of feedback
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mechanism determines the quality of recommendation advices, which will affect the acceptance degree

of the inconsistent experts. The first aim of this article is to develop a feedback mechanism with three

levels of consensus degree for group decision making problem. To do so, this article defines a visual

consensus degree in three levels: decision matrices, alternatives and elements, which will help each

experts to ‘see’ their consensus status. Therefore, the inconsistent experts can be visually identified,

and then a feedback mechanism is investigated to generate the recommendation advises to higher

consensus level.

Considering that decision makers would like to use linguistic information to express their preference

[12, 13, 15, 18, 33], this article will propose the distributed linguistic trust to model uncertainty in

group experts. In detail, the operational laws and weighted averaging operator of distributed linguistic

trust are explored. After the expectation degree and uncertainty degrees are given, a ranking method

of distributed linguistic trust functions are investigated to select the most appropriate alternative.

The rest of paper is set out as follows: Section 2 introduces the definition of distributed linguistic

trust including: operational laws, weighted averaging operator, expectation degree, uncertainty degrees

and ranking methods. Section 3 proposes the definition of consensus degree on three levels of opinion

expressed by distributed linguistic trust information, and the inconsistent experts and elements values

that contribute less to consensus are identified. Finally, in section 4, an analysis of the proposed

consensus model highlighting the main differences with respect to traditional ones is given, and then

conclusions are drawn.

2. Distributed Linguistic Trust Information

2.1. Definition of Distributed Linguistic Trust

Social network analysis (SNA) studies the relationships between social entities like members of a

group, corporations or nations [21], which help us to examine the structural and locational properties

including centrality, prestige, structural balance and trust relationship, among others [24–28].

The main three elements in SNA analysis are: the set of actors, the relations themselves, and the

actor attributes (see Table 1). We can refer to important network concepts in a unify manner, using

the three different and possible representation schemes:

• Sociometric: relational data are often presented in two-ways matrices called sociomatrix.

• Graph theoretic: the network is viewed as a graph consisting of nodes joined by lines.

• Algebraic: allows to distinguish several distinct relations and represent combinations of relations.

However, the above sociomatrix is a binary or crisp relation, and then it may not be suitable

to model uncertainty in trust relationship representation in social network, which is indeed often

interpreted as a probabilistic phenomenon: humans do not merely reason in terms of ‘trusting’ and
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Sociometric Graph Algebraic

A =



0 1 1 1 1 0

0 0 0 0 1 0

0 1 0 0 0 0

0 0 1 0 1 1

0 0 1 0 0 1

0 0 1 0 0 0
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e3Re2 e6Re3

Table 1: Different representation schemes in Social Network Analysis

‘not trusting’, but rather trust someone ‘high’or ‘middle’ and ‘low’. The linguistic approach has been

regarded a useful technique to represent qualitative aspects by means of linguistic variables. For

instance, Xu [31] proposed a continuous linguistic model as: Let S = {sα |α = −t, ....− 1, 0, 1...., t}

be a definite and totally ordered discrete term set, where S represents a possible value for a linguistic

variable. For example, S with nine terms can be defined as:

S =


s−4 = extremelypoor; s−3 = verypoor; s−2 = poor

s−1 = slightlypoor; s0 = fair; s1 = slightlygood

s2 = good; s3 = verygood; s4 = extremelygood


For any two linguistic terms sα, sβ ∈ S and µ, µ1, µ2 > 0, they have the following operational laws:

(1) sα ⊕ sβ=sα+β ;

(2) sα ⊕ sβ=sβ ⊕ sα ;

(3) µsα=sµα ;

(4) (µ1+µ2)sα=µ1sα ⊕ µ2sα ;

(5) µ(sα ⊕ sβ) =µsα ⊕ µsβ ;

The above continuous linguistic model can be used to describe the probabilistic phenomenon in

trust relationship under social network. To do so, this article defines the concept of distribution

linguistic trust.

Definition 1. Let H = {Hα |α = 1..., π} be a linguistic term set. Then, the distributed linguistic

trust function T is defined as:

T = {(Hα, ϕα) |α = 1, . . . , π}

where Hα ∈ H,
∑π

α=1 ϕα = 1, and ϕα ≥ 0 is a distribution assessment of Hα .

For any two T 1, T 2 ∈ T and µ, µ1, µ2 > 0, their operational laws are as follows:
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(1) T 1 ⊕ T 2=
{(
Hα, (ϕ

1
α + ϕ2

α)
)
|α = 1, . . . , π

}
;

(2) T 1 ⊕ T 2=T 2 ⊕ T 1 ;

(3) µT= {(Hα, µϕα) |α = 1, . . . , π};

(4) (µ1 + µ2)T = µ1T ⊕ µ2T ;

(5) µ(T 1 ⊕ T 2) =µT 1 ⊕ µT 2;

According to the above operational laws, we can develop the following weighted averaging operator

for aggregating distributed trust functions in group decision making.

Definition 2. Let {T 1, . . . , Tn} be a set of distributed linguistic trust functions and ω = (ω1, ω2, ...., ωn)

be an associated weighting vector, ωj > 0 and
∑n

j=1 ωj = 1, where T j =
{(
Hα, ϕ

j
α

)
|α = 1, . . . , π

}
,

j = 1, 2, . . . , n. Then, the weighted averaging operator of distributed trust function can be computed

as

DTWAω(T 1, . . . .,T n) = {(Hα, ϕ̄α) |α = 1, . . . , π} (1)

where ϕ̄α=
∑n

j=1 ωjϕ
j
α.

To make a ranking order of distributed linguistic trust functions, the expectation degree and

uncertainty degree are defined as follows, respectively.

Definition 3. Let T = {(Hα, ϕα) |α = 1, . . . , π} be a distributed linguistic trust function, where

Hα ∈ H,
∑π

α=1 ϕα = 1, and ϕα ≥ 0, be a distributed assessment of H. The expectation degree of T

can be defined as this:

E(T ) =
∑π

α=1
Hα × ϕα = H∑π

α=1 αϕα
(2)

For brevity, we denote
∑

as the ⊕ operation of multiple linguistic terms in this paper. The larger the

value of E(T ), the more the degree of score of T .

Definition 4. Let T = {(Hα, ϕα) |α = 1, . . . , π} be a distributed linguistic trust function, where

Hα ∈ H,
∑π

α=1 ϕα = 1, and ϕα ≥ 0, be a distributed assessment of H. The uncertainty degree of T

can be defined as this:

U(T ) =
1

π

∑π

α=1

(
αϕα −

∑π

α=1
αϕα

)2
(3)

The larger the value of U(T ), the smaller the degree of score of T .

In a TDS, E(T ) is used to calculate the degree of strict trust an expert may have on other experts

in the social network when providing his/her DLTFs while U(T ) is for determining the uncertainty

contained in the corresponding DLTFs. Then, their role for ranking DLTFs is similar to the mean

and the variance in Statistics. In detail, TDS allows the following order relation on the set of DLTFs,

Λ, to be defined:
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Definition 5 (Order Relation of DLTFs). Given two DLTFs, T 1 and T 2, it can say that T 1

precedes T 2

T 1 ≺ T 2

if and only if one of the following conditions is true:

1. E(T 1) < E(T 2)

2. E(T 1) = E(T 2) ∧ U(T 1) > U(T 2)

The order relation of DLTFs is used to distinguish the best alternative from the trust decision

making matrices after them are aggregated to a collective one.

3. Interaction Consensus Model with under DLTFs

3.1. Three Levels of Consensus Indexes

Let T̃ h = (t̃hij)n×n and T̃ l = (t̃lij)n×n be the decision matrices with distributed linguistic trust

information provided by experts eh and el, respectively. A distance function (d) between distributed

linguistic trust function is used to define the consensus index between these experts as follows:

The consensus index of an expert with the rest of the group of experts at the three different levels

of a relation are defined next:

Level 1. Consensus index at evaluation element levels. The consensus index of an expert eh with

respect to the group on the alternatives xi under criterion cj is:

CEhij = 1− d
(
thij , t̄ij

)
= 1− 1

π

∑π

α=1

∣∣∣(ϕα)hij − (ϕ̄α)ij

∣∣∣ (4)

Level 2. Consensus index at alternatives level. The consensus index of an expert eh with respect to

the group on the alternative xi is:

CAhi =
1

n

n∑
j=1

CEhij (5)

Level 3. Consensus index at trust decision matrix level. The consensus index of an expert eh to the

group on decision matrix is:

CIh =
1

m

m∑
i=1

CAhi (6)
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3.2. Feedback Mechanism

The feedback mechanism consists of three steps: (1)Identification of the inconsistent evaluation

elements with distributed linguistic trust information, (2)Generation of the recommended advices, and

(3)Group consensus, which are described in detail below:

(1) Identification of the inconsistent evaluation elements: The set of evaluation elements by distribute

linguistic trust information that contribute less to reach an acceptable consensus level is identified

as follows:

Step 1. Experts with a consensus index at decision matrix lower than the threshold value γ are

identified:

EXPCH = {h | CIh < γ}

Step 2. For the identified experts in Step 1, their alternatives with a consensus index CAhi lower

than the threshold γ are identified:

ALT = {(h, i) | h ∈ EXPCH ∧ CAhi < γ}

Step 3. Finally, the evaluation elements to be changed are those with a consensus index CEhi

lower than the threshold γ :

APS = {(h, i, j) | (h, i) ∈ ALT ∧ CEhij < γ}.

(2) Generation of the recommendation advices: The feedback mechanism generates personalised rec-

ommendation rules to the experts and for the preference values previously identified in APS

containing the new preference values to use in order to reach a higher consensus state.

For all (h, i, k) ∈ APS, the following rule is feed-backed to the corresponding expert in:

“Change your evaluation elements for the pair of alternatives (i, j) to a value closer to rthij:”

rthij = (1− δ) · thij + δ · tij , (7)

where δ ∈ [0, 1] is a parameter to control the degree of recommendation, t̄ij = 1
k

∑k
h=1 t

h
ij .

4. Numerical Example

Example 1. An electronic commercial enterprise needs to select the most cloud service sup-

plier from three possible alternatives: {x1, x2, x3}. Five criteria {c1, c2, c3, c4, c5} are considered:

Performance; Security; Privacy; Usability and Accessibility, with associated weighting vector ω =

(0.20, 0.40, 0.15, 0.10, 0.15)T . A group of experts {e1, e2, e3, e4, e5} from five different departments

with the importance degrees W = {0.18, 0.20, 0.16, 0.19, 0.27}T .
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Table 2: Assessments of four suppliers by the expert e1 based on each criterion

C1 C2 C3 C4 C5

A1


(H1, 0.2) ,

(H2, 0.5) ,

(H3, 0.3)




(H1, 0.6) ,

(H2, 0.4)

(H3, 0.0)




(H1, 0.1) ,

(H2, 0.2) ,

(H3, 0.7)




(H1, 0.0) ,

(H2, 0.5) ,

(H3, 0.5)




(H1, 0.2) ,

(H2, 0.4) ,

(H3, 0.4)


A2


(H1, 0.2) ,

(H2, 0.4) ,

(H3, 0.4)




(H1, 0.3) ,

(H2, 0.4) ,

(H3, 0.3)




(H1, 0.1) ,

(H2, 0.8) ,

(H3, 0.1)




(H1, 0.0) ,

(H2, 0.7) ,

(H3, 0.3)




(H1, 0.4) ,

(H2, 0.3) ,

(H3, 0.3)


A3


(H1, 0.1) ,

(H2, 0.5) ,

(H3, 0.4)




(H1, 0.3) ,

(H2, 0.7)

(H3, 0.0)




(H1, 0.3) ,

(H2, 0.4) ,

(H3, 0.3)




(H1, 0.2) ,

(H2, 0.2) ,

(H3, 0.6)




(H1, 0.2) ,

(H2, 0.8) ,

(H3, 0.0)



Table 3: Assessments of four suppliers by the expert e2 based on each criterion

C1 C2 C3 C4 C5

A1


(H1, 0.1) ,

(H2, 0.2) ,

(H3, 0.7)




(H1, 0.0) ,

(H2, 0.6) ,

(H3, 0.4)




(H1, 0.5) ,

(H2, 0.5) ,

(H3, 0)




(H1, 0.0) ,

(H2, 0.4) ,

(H3, 0.6)




(H1, 0.1) ,

(H2, 0.4) ,

(H3, 0.5)


A2


(H1, 0.4) ,

(H2, 0.5) ,

(H3, 0.1)




(H1, 0.0) ,

(H2, 0.3) ,

(H3, 0.7)




(H1, 0.1) ,

(H2, 0.5) ,

(H3, 0.4)




(H1, 0.4) ,

(H2, 0.6) ,

(H3, 0.0)




(H1, 0.2) ,

(H2, 0.4) ,

(H3, 0.4)


A3


(H1, 0.1) ,

(H2, 0.7) ,

(H3, 0.2)




(H1, 0.0) ,

(H2, 0.5) ,

(H3, 0.5)




(H1, 0.1) ,

(H2, 0.2) ,

(H3, 0.7)




(H1, 0.3) ,

(H2, 0.7) ,

(H3, 0.0)




(H1, 0.0) ,

(H2, 0.3) ,

(H3, 0.7)
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Table 4: Assessments of four suppliers by the expert e3 based on each criterion

C1 C2 C3 C4 C5

A1


(H1, 0.0) ,

(H2, 0.3) ,

(H3, 0.7)




(H1, 0.3) ,

(H2, 0.7)

(H3, 0.0)




(H1, 0.2) ,

(H2, 0.1) ,

(H3, 0.7)




(H1, 0.2) ,

(H2, 0.0) ,

(H3, 0.8)




(H1, 0.2) ,

(H2, 0.5) ,

(H3, 0.3)


A2


(H1, 0.1) ,

(H2, 0.2) ,

(H3, 0.7)




(H1, 0.4) ,

(H2, 0.6)

(H3, 0.0)




(H1, 0.8) ,

(H2, 0.0) ,

(H3, 0.2) ,




(H1, 0.0) ,

(H2, 0.1) ,

(H3, 0.9)




(H1, 0.2) ,

(H2, 0.4) ,

(H3, 0.4)


A3


(H1, 0.0) ,

(H2, 0.2) ,

(H3, 0.8)




(H1, 0.6) ,

(H2, 0.0) ,

(H3, 0.4)




(H1, 0.1) ,

(H2, 0.2) ,

(H3, 0.7)




(H1, 0.1) ,

(H2, 0.7) ,

(H3, 0.2)




(H1, 0.2) ,

(H2, 0.0) ,

(H3, 0.8)



Table 5: Assessments of four suppliers by the expert e4 based on each criterion

C1 C2 C3 C4 C5

A1


(H1, 0.1) ,

(H2, 0.9) ,

(H3, 0.0)




(H1, 0.3) ,

(H2, 0.5)

(H3, 0.2)




(H1, 0.5) ,

(H2, 0.5) ,

(H3, 0.0)




(H1, 0.4) ,

(H2, 0.0) ,

(H3, 0.6)




(H1, 0.1) ,

(H2, 0.4) ,

(H3, 0.5)


A2


(H1, 0.1) ,

(H2, 0.1) ,

(H3, 0.8)




(H1, 0.2) ,

(H2, 0.1)

(H3, 0.7)




(H1, 0.0) ,

(H2, 0.6) ,

(H3, 0.4) ,




(H1, 0.2) ,

(H2, 0.8)

(H3, 0.0)




(H1, 0.3) ,

(H2, 0.3) ,

(H3, 0.4)


A3


(H1, 0.2) ,

(H2, 0.5)

(H3, 0.3)




(H1, 0.0) ,

(H2, 0.9) ,

(H3, 0.1)




(H1, 0.2) ,

(H2, 0.8) ,

(H3, 0.0)




(H1, 0.2) ,

(H2, 0.4) ,

(H3, 0.4)




(H1, 0.1) ,

(H2, 0.9) ,

(H3, 0.0)
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Table 6: Assessments of four suppliers by the expert e5 based on each criterion

C1 C2 C3 C4 C5

A1


(H1, 0.1) ,

(H2, 0.1) ,

(H3, 0.8)




(H1, 0.3) ,

(H2, 0.7)

(H3, 0.0)




(H1, 0.6) ,

(H2, 0.3) ,

(H3, 0.1)




(H1, 0.5) ,

(H2, 0.0) ,

(H3, 0.5)




(H1, 0.0) ,

(H2, 0.5) ,

(H3, 0.5)


A2


(H1, 0.0) ,

(H2, 0.1) ,

(H3, 0.9)




(H1, 0.0)

(H2, 0.3)

(H3, 0.7)




(H1, 0.3) ,

(H2, 0.1) ,

(H3, 0.6) ,




(H1, 0.4) ,

(H2, 0.6)

(H3, 0.0)




(H1, 0.2) ,

(H2, 0.5) ,

(H3, 0.3)


A3


(H1, 0.3) ,

(H2, 0.7)

(H3, 0.0)




(H1, 0.1) ,

(H2, 0.8) ,

(H3, 0.1)




(H1, 0.0) ,

(H2, 0.7) ,

(H3, 0.3) ,




(H1, 0.2) ,

(H2, 0.7) ,

(H3, 0.1)




(H1, 0.1) ,

(H2, 0.3) ,

(H3, 0.6)



Table 7: The collective decision making matrix T

C1 C2 C3 C4 C5

A1


(H1, 0.10) ,

(H2, 0.38) ,

(H3, 0.52)




(H1, 0.29) ,

(H2, 0.59)

(H3, 0.12)




(H1, 0.41) ,

(H2, 0.33) ,

(H3, 0.26)




(H1, 0.24) ,

(H2, 0.17) ,

(H3, 0.59)




(H1, 0.11) ,

(H2, 0.44) ,

(H3, 0.45)


A2


(H1, 0.15) ,

(H2, 0.25) ,

(H3, 0.60)




(H1, 0.16) ,

(H2, 0.33)

(H3, 0.51)




(H1, 0.25) ,

(H2, 0.39) ,

(H3, 0.36) ,




(H1, 0.23) ,

(H2, 0.58)

(H3, 0.19)




(H1, 0.25) ,

(H2, 0.39) ,

(H3, 0.36)


A3


(H1, 0.16) ,

(H2, 0.55)

(H3, 0.29)




(H1, 0.18) ,

(H2, 0.61) ,

(H3, 0.21)




(H1, 0.13) ,

(H2, 0.48) ,

(H3, 0.39) ,




(H1, 0.20) ,

(H2, 0.55) ,

(H3, 0.25)




(H1, 0.11) ,

(H2, 0.45) ,

(H3, 0.44)
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Figure 1: Three visual levels of consensus before feedback mechanism

Step1. According to the importance degrees of experts W = {0.18, 0.20, 0.16, 0.19, 0.27}T , the

collective decision matrix T are aggregated as:

Step2. The individual consensus indexes at the decision matrix level are:

CI1 = 0.83, CI2 = 0.85, CI3 = 0.77, CI4 = 0.85, CI5 = 0.86.

Obviously, expert e3 is inconsistent with a set threshold value of γ = 0.8 in Figure 1. Therefore,

the feedback mechanism is activated to help e3 to modify his/her inconsistent evaluation elements to

higher consensus status.

Step3. Evaluation elements with distributed linguistic trust information to Change. The set of

3-tuples APS identified as contributing less to consensus are:

APS = {(3, 2, 2), (3, 2, 3), (3, 2, 4), (3, 3, 1), (3, 3, 2), (3, 3, 3), (3, 3, 5)}

Step4. Taking a value of δ = 0.18, the recommendations for expert e3 are:

• Your trust assessment of alternative x2 under criteria C2 should change to a value closer to

{(H1, 0.36) , (H2, 0.55) , (H3, 0.09)}.

• Your trust assessment of alternative x2 under criteria C3 should change to a value closer to

{(H1, 0.70) , (H2, 0.07) , (H3, 0.23)}.

• Your trust assessment of alternative x2 under criteria C4 should change to a value closer to

{(H1, 0.04) , (H2, 0.19) , (H3, 0.77)}.

• Your trust assessment of alternative x3 under criteria C1 should change to a value closer to

{(H1, 0.03) , (H2, 0.26) , (H3, 0.71)}.
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• Your trust assessment of alternative x3 under criteria C2 should change to a value closer to

{(H1, 0.52) , (H2, 0.11) , (H3, 0.37)}.

• Your trust assessment of alternative x3 under criteria C3 should change to a value closer to

{(H1, 0.11) , (H2, 0.25) , (H3, 0.64)}.

• Your trust assessment of alternative x3 under criteria C5 should change to a value closer to

{(H1, 0.19) , (H2, 0.09) , (H3, 0.72)}.

After expert e3 adopts the recommendation advices, the new consensus levels are calculated as:

CI1 = 0.83, CI2 = 0.85, CI3 = 0.80, CI4 = 0.85, CI5 = 0.87.

Because all experts are over the minimum consensus threshold value γ = 0.8, the consensual collective

decision matrix, from which the final solution of consensus will be selected, is computed.

Step5. Using the associated weighting vector of criteria ω = (0.20, 0.40, 0.15, 0.10, 0.15)T , we

compute the collective overall evaluation values ( i = 1, 2, 3) of the three alternatives:

r1 = {(H1, 0.24), (H2, 0.44), (H3, 0.32)} ,

r2 = {(H1, 0.19), (H2, 0.36), (H3, 0.46)} ,

r3 = {(H1, 0.15), (H2, 0.56), (H3, 0.29)} .

Their corresponding expected trust scores are:

E(r1) = 2.08, E(r2) = 2.25, E(r3) = 2.13.

Then, we have

x2 � x3 � x1

Therefore, alternative x2 is selected as the group solution of consensus.

5. Conclusions

This paper presents an interaction consensus model in group decision making under distributed

linguistic trust information. It develops the distributed linguistic trust decision space to model un-

certainty in GDM including the novel concepts of distributed linguistic trust functions, expectation

degree, uncertainty degree, and the ranking order relation for distributed linguistic trust functions.

Then, it can express trust opinions with linguistic such as: high, middle and low. Therefore, it is

suitable to represent the uncertainty or fuzziness of trust relationship under social network. Then,

it investigates a feedback mechanism to generate personalised advice for the inconsistent experts to

change their inconsistent judgement elements. Finally, the numerical example proves that it can reach

the threshold value of group consensus degree.
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