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Abstract:

A grey model with time varying weighted generating operator is put forward in order to fully

extract information concealed in recent data. This model increases the weight of new data and

relieve the influence of the the data fluctuation. The relationship between the sample size and

the error from the inverse time varying weighted generating operator is discussed. Compared with

traditional grey forecasting models, the results of practical numerical examples demonstrate that

this grey model performs well in forecasting problems with limited data, and can provide reliable

and acceptable accuracy for future prediction.
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1. Introduction

Forecasting a future trend is an important issue in fields, including economics [1], energy [2,3],

engineering [4] and so on. To obtain a reliable forecast, certain laws in terms of system development

must be discovered on the basis of real observed data. Therefore, building a predictor that can

describe system evolution is necessary. Traditional approaches, such as linear regression, autore-

gressive moving-average model, are built on the assumption concerning the statistical distribution

of big data. However, in some cases, due to the limitation of information and knowledge, only part
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of the system data could be fully realized, especially in the the early stages of a process.

To overcome this problem, Deng proposed grey forecasting model to catch the system devel-

opment tendency [5]. Because the systems with completely known information are regarded as

white, those systems with completely unknown information are regarded as black, and the systems

with partially known information and partially unknown information are regarded as grey in the

theory of control [6]. Grey forecasting model is a time series model that deals with the system

with partially known information and partially unknown information. Unlike statistical methods,

grey forecasting model extracts the unknown information by the accumulated generating operator

and is suitable to the limited data problem [7].

As a simple model, grey first-order differential equation with one variable (GM(1,1) model)

has already been widely applied in many problems. Such as, energy demand [8], software stage

effort [9], control system [10,11], fashion color trend forecasting [12], etc. However, the fitting

and forecasting precision of traditional GM(1,1) model is unacceptable when the data is fluctuant.

This has motivated many researchers to increase the prediction and simulation accuracy, such as,

extended grey models [5], optimized grey models [13], hybrid model [8]. However, these models do

not take into account the principle of new information priority [14]. How to reflet the importance

of new information is a crucial problem, because new information is more important to predict the

tendency of development from scanty data.

Therefore, a grey model with a novel generating operator is proposed in Section 2. The ad-

vantages of the grey model over the traditional models are proved by three real cases in Section 3.

Some conclusions are presented in the final Section.

2. The GM(1,1) model with time varying weighted generating operator

For the original data sequence X = {x(0)(1), x(0)(2), · · · , x(0)(n)}, a new sequence X(1) =

{x(1)(1), x(1)(2), · · · , x(1)(n)} can be generated by the accumulated generating operator as x(1)(k) =
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k∑
i=1

x(0)(i)(k = 1, 2, · · · , n). The first-order differential equation with a variable,

dx(1)(t)

dt
+ ax(1)(t) = b,

is the whitenization equation of the original form of the GM(1,1) model

x(0)(k) + az(1)(k) = b.

where z(1)(k) = x(1)(k)+x(1)(k−1)
2 (k = 2, 3, · · · , n.)

The solution of dx(0)(t)
dt + ax(0)(t) = b is x(0)(t) = (x(0)(1) − b

a )e−at + b
a . Hence x(0)(k) =

(x(0)(1) − b
a )e−ak + b

a is called the time response equation of GM(1,1). Then we can get the

simulative value by x̂(0)(k + 1) = x̂(1)(k + 1)− x̂(1)(k).

The existing grey models all utilize the accumulated generating operator, which leads to pay

more attention to the old information, not consider the importance of new information. This

operator do not consider the influence of time specially and the time factor should not be ignored.

To conserve the time information and highlight the importance of new information, the GM(1,1)

model with time varying weighted generating is introduced in this section. Each data is weighted

by its time, thus we give the following definition:

Definition 1 Given an original sequence X = {x(1), x(2), · · · , x(n)}, the time varying

weighted operator is

y(k) =
kx(k) + (k + 1)x(k + 1) + · · ·+ nx(n)

(n−k+1)(n+k)
2

.

Y = {y(1), y(2), · · · , y(n)} is the time varying weighted generating sequence. It can be expressed

as by matrix:

[y(1), y(2), · · · , y(n)] = [x(1), x(2), · · · , x(n)]


1

(n+1)n
2

0 · · · 0
2

(n+1)n
2

2
(n+2)(n−1)

2

· · · 0

...
...

...
...

n
(n+1)n

2

n
(n+2)(n−1)

2

· · · 1
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The correspondent inverse operator of time varying weighted is

[x(1), x(2), · · · , x(n)] = [y(1), y(2), · · · , y(n)]



(n+1)n
2 0 0 · · · 0

− (n−1)(n+2)
2

(n−1)(n+2)
4 0 · · · 0

0 − (n−2)(n+3)
4

(n−2)(n+3)
6 · · · 0

...
...

...
...

...
0 0 0 · · · 1


Definition 2 For the original sequence X = {x(1), x(2), · · · , x(n)}, the time varying weight-

ed generating sequence is Y = {y(1), y(2), · · · , y(n)}.

y(k + 1)− y(k) + az(k) = kb

is the original form of GM(1,1) model with time varying weighted operator (WGM(1,1)), where

z(k) = y(k)+y(k+1)
2 (k = 1, 2, · · · , n− 1). The least squares estimate of a and b can be obtained by

[
â

b̂

]
= (ATA)−1ATB (1)

where

B =


y(2)− y(1)
y(3)− y(2)

...
y(n)− y(n− 1)

 , A =


−z(2) 2
−z(3) 3

...
...

−z(n) n


If we set ŷ(1) = y(1), the solution of the whitenization equation dy

dt + ay = tb can be expressed as

y(t+ 1) = [y(1)− b̂

â
+

b̂

â2
]e−ât +

b̂

â
t− b̂

â2

The simulation and forecasting value can be derived by applying the inverse time varying weighted

operator

[x̂(1), x̂(2), · · · , x̂(n)] = [ŷ(1), ŷ(2), · · · , ŷ(n)]



(n+1)n
2 0 0 · · · 0

− (n−1)(n+2)
2

(n−1)(n+2)
4 0 · · · 0

0 − (n−2)(n+3)
4

(n−2)(n+3)
6 · · · 0

...
...

...
...

...
0 0 0 · · · 1


A Theorem is given in order to explain the fact that WGM(1,1) pays more attention to the

new information.
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Theorem 1 Assume that X = {x(1), x(2), · · · , x(n)} is the original sequence, A and B is

the same as Eq.(1). According to the Lemma 1 from paper [7],

L[x(k)] =
κ†
γ†

(
‖δA‖2
‖A‖

‖x‖+
‖δB‖
‖A‖

+
κ†
γ†

‖δA‖2
‖A‖

‖rx‖
‖A‖

), k = 1, 2, · · · , n.

is the perturbation bound when ε is regarded as a disturbance of x(k) (ε 6= 0 and ‖A†‖2‖δA‖2 < 1),

then L[x(k)] will increase when k → n.

Proof Because all the matrix norms are equivalent, let the tolerance norm be the matrix

norm for the sake of convenience. If ε is regarded as a disturbance of x(1), then

B + δB =


( 2
(n+1)n −

2
(n+2)(n−1) )

n∑
k=2

kx(k)− 2
(n+1)n (x(1) + ε)

y(3)− y(2)
...

y(n)− y(n− 1)

 ,

δB =


− 2
n(n+1)ε

0
...
0

 ;

Because

A =


−z(2) 2
−z(3) 3

...
...

−z(n) n

 =


− 1

2 − 1
2 0 · · · 0 0

0 − 1
2 − 1

2 · · · 0 0
...

...
...

...
...

...
0 0 0 · · · − 1

2 − 1
2



y(1) − 3

2
y(2) − 5

2
...

...
y(n) − 2n+1

2


we have

A+ δA =


− 1

2 − 1
2 0 · · · 0 0

0 − 1
2 − 1

2 · · · 0 0
...

...
...

...
...

...
0 0 0 · · · − 1

2 − 1
2




2
(n+1)n

n∑
k=2

kx(k) + 2
(n+1)n (x(1) + ε) − 3

2

y(2) − 5
2

...
...

y(n) − 2n+1
2



= A+


− 1

2 − 1
2 0 · · · 0 0

0 − 1
2 − 1

2 · · · 0 0
...

...
...

...
...

...
0 0 0 · · · − 1

2 − 1
2




2
(n+1)nε 0

0 0
...

...
0 0



= A+


− ε

(n+1)n 0

0 0
...

...
0 0
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thus ‖δB‖2 = 2|ε|
(n+1)n , ‖δA‖2 =

√
λmax(δAT δA) = |ε|

(n+1)n .

If ε is regarded as a disturbance of x(2), thus ‖δB‖2 =
√

( 4
(n+1)n )2 + ( 4

(n−1)(n+2) )
2|ε|, ‖δA‖2 =√

1
n2(n+1)2 + ( 1

(n−1)(n+2) )
24|ε|.

Similarly, if ε is regarded as a disturbance of x(k), we also obtain ‖δA‖2 and ‖δB‖2. Obviously,

‖δA‖2 and ‖δB‖2 will increase when k → n. So
κ†
γ†

and ‖δA‖2 are all increasing function of k, and

other variables do not change. We obtain that the perturbation bound L[x(k)] is the increasing

function of k, i.e. L[x(k)] will increase when k → n.

L[x(k)] will increase when k → n, which indicates that x(k) has more influence on the pa-

rameters (a and b) than x(k− 1) and x(n) has most influence on the parameters (a and b). So we

conclude that WGM(1,1) can pay more attention to the new information.

A Theorem is given in order to discuss the error from the inverse time varying weighted

operator.

Theorem 2 Y = {y(1), y(2), · · · , y(n)} is viewed as time varying weighted generating

sequence for original sequence X. Ŷ = {ŷ(1), ŷ(2), · · · , ŷ(n)} is the fitted value of Y . X̂ =

{x̂(1), x̂(2), · · · , x̂(n)} is the fitted value of X. If |y(k) − ŷ(k)| < ε for ∀k = 1, 2, · · · , n, then

|x(k)− x̂(k)| < (2n− 2k + 1)ε

Proof For ∀k = 1, 2, · · · , n, |y(k) − ŷ(k)| < ε, then |x(k) − x̂(k)| = | (n−k+1)(n+k)
2k y(k) −

(n−k)(n+k+1)
2k y(k+1)− (n−k+1)(n+k)

2k ŷ(k)+ (n−k)(n+k+1)
2k ŷ(k+1)| = | (n−k+1)(n+k)

2k y(k)− (n−k+1)(n+k)
2k ŷ(k)+

(n−k)(n+k+1)
2k ŷ(k + 1) − (n−k)(n+k+1)

2k y(k + 1)| < (n−k+1)(n+k)
2k |y(k) − ŷ(k)| + (n−k)(n+k+1)

2k |ŷ(k +

1)− y(k + 1)| = (n−k+1)(n+k)
2k ε+ (n−k)(n+k+1)

2k ε = n2−k2+n
k ε.

The largest error from the inverse time varying weighted generating operator is n2−k2+n
k ε,

which indicates that the error will be reduced when k → n. From the restoring error view-

point, WGM(1,1) model can indeed pay more attention to the new information. The largest error

n2−k2+n
k ε can also explore the influence of sample size, indicating that the bigger n is, the larger

the error is.
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Remark 1

Each data y(k) would change when x(1) is disturbed by ε. So it is certaint that the simulative

value (x̂(k)) will change under WGM(1,1). We can say that WGM(1,1) can make better use of

the available data. However, the simulative value of non-homogenous discrete grey model will not

change when x(1) is disturbed by ε, i.e., the non-homogenous discrete grey model can not use the

first data x(1) [15].

Remark 2 It is obvious the traditional GM(1,1) is an exponential model. It is decreased or

increased. However, the monotonicity of the simulative sequence X̂ is uncertain when we construct

WGM(1,1) model. Its monotonicity is determined by the actual data, as stated in Case 2 below.

Because

x̂(k) =
(n− k + 1)(n+ k)

2k
ŷ(k)− (n− k)(n+ k + 1)

2k
ŷ(k+ 1) =

(n− k + 1)(n+ k)

2k
{[y(1)− b̂

â
+

b̂

â2
]

×e−â(k−1) +
b̂

â
(k − 1)− b̂

â2
} − (n− k)(n+ k + 1)

2k
{[y(1)− b̂

â
+

b̂

â2
]e−âk +

b̂

â
k − b̂

â2
}

From the above equation we come to the conclusion that the simulative sequence x̂(k)(k =

1, 2, · · · , n) is not always an exponential-growth model. So the monotonicity of the simulative

value X is uncertain.

Actually, to remove the influence of initial condition on modelling and to further enhance the

accuracy of WGM(1,1), it is assumed that y(k) = β1e
−â(k−1) + β2k + β0, where β1, β2, β0 are the

unknown parameters. These parameters can be obtained by the least squares method: β̂1
β̂2
β̂0

 = (DTD)−1DTF

where

B =


y(1)
y(2)

...
y(n)

 , F =


e−â 1 1
e−2â 2 1

...
...

e−nâ n 1


Thus, ŷ(k) = β̂1e

−â(k−1) + β̂2k + β̂0, which is a 4-parametric exponential model.
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3. Validation of the WGM(1,1) model

In this section, three cases are used to verify the applicability of the proposed model with

criterion: mean absolute percentage error (MAPE = 100% 1
n

n∑
k=1

|x(k)−x̂(k)x(k) |).

Case 1. The failure rate forecasting example [16]

Shao et al. applied GM(1,1) to predict the failure rate of weapon spare parts. We adopted

the same sample as reference [16] to construct WGM(1,1). The unit of data is the frequency per

hour. As Table 1 shown, MAPE of WGM(1,1) is smaller than that of GM(1,1). Hence the former

has better forecasting accuracy.

Table 1 The fitting values and MAPE of different grey models

Year Actual value GM(1,1) value WGM(1,1) value

4 0.15 0.15 0.168

5 0.3342 0.3868 0.399

6 0.655 0.5893 0.627

7 1.1158 0.8976 1.014

MAPE 15.11 10.3
8 1.5320 1.3671 1.510

9 2.201 2.0823 2.089

MAPE 8.08 3.28

Case 2. The Russia electricity consumption forecasting example [13]

Li et al. applied adaptive GM(1,1) to predict the electricity consumption of Russia. The

WGM(1,1) is built by the same sample as Reference [13]. Its results is given in Table 2 and Table

3.

Table 2 The fitting values and MAPE of different grey models (unit: KTOE)
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Year electricity consumption GM(1,1) value WGM(1,1) value

2000 52333 52333 53694

2001 53151 52952 52933

2002 53168 53561 53237

2003 54372 54177 54089

MAPE 0.5 0.9

As shown in Table 2 and Table 3, the MAPE of GM(1,1) is smaller than that of WGM(1,1)

for the in-sample data, but the MAPE of GM(1,1) is larger than that of WGM(1,1) for the out-

of-sample data. This demonstrates that WGM(1,1) can mitigate the drawbacks of GM(1,1), and

can bring better forecasting results by capturing the characteristics of recent data. That is to

say, simply reducing the simulation errors does not necessarily increase the forecasting accuracy.

Meanwhile, AGM(1,1) [13] also cannot produce the desired forecasting results.

Table 3 The forecasting values and MAPE of different grey models (unit: KTOE)

Year electricity consumption GM(1,1) AGM(1,1)[13] WGM(1,1)

2004 55516 54800 54621 55382

2005 55898 55431 55195 57080

2006 58600 56069 55776 59166

2007 60281 56714 56362 61629

MAPE 3.1 3.55 1.4

Case 3. The tuberculosis incidence forecasting example [17]

Wu and Chen used the tuberculosis incidence during 2009-2012 as the in-sample data. The

tuberculosis incidence of 2013 is regarded as out-of-sample. Actual value and the errors of two

models are listed in Table 4. The results show that the forecasting accuracy of the WGM(1,1) is

better than traditional GM(1,1), although the fitting accuracy of these two models are approximate.

Table 4 The forecasting values and MAPE of different grey models
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Year Actual value GM(1,1) WGM(1,1)

2009 184.4 184.4 191.4

2010 116.9 115.2 119.5

2011 96.3 99.6 95.2

2012 88.3 86.2 85.9

MAPE 2.4 2.3
2013 81.59 74.6 84.5

MAPE 8.6 3.6

Case 4. The tuberculosis incidence forecasting example [18]

Wu and Chen used the tuberculosis incidence during 2009-2012 as the in-sample data. The

tuberculosis incidence of 2013 is regarded as out-of-sample. Actual value and the errors of two

models are listed in Table 4. The results show that the forecasting accuracy of the WGM(1,1) is

better than traditional GM(1,1), although the fitting accuracy of these two models are approximate.

Table 4 The forecasting values and MAPE of different grey models
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Time Actual value GM(1,1) WGM(1,1) Model (1) AR(1) value

1 0.2305 0.2305 0.2489 0.2761

2 0.3197 0.3633 0.3485 0.3136 0.2974

3 0.3308 0.3869 0.3534 0.3512 0.3769

4 0.3714 0.4120 0.4316 0.3887 0.3868

5 0.4443 0.4388 0.4837 0.4262 0.4230

6 0.4868 0.4673 0.5229 0.4638 0.4881

7 0.5383 0.4977 0.5550 0.5013 0.5260

8 0.5310 0.5300 0.5826 0.5388 0.5719

9 0.6025 0.5644 0.6075 0.5764 0.5654

10 0.6528 0.6011 0.6305 0.6139 0.6292

11 0.6828 0.6401 0.6523 0.6514 0.6740

12 0.7055 0.6817 0.6732 0.6890 0.7008

13 0.6704 0.7260 0.6936 0.7265 0.7211

14 0.7140 0.7732 0.7136 0.7640 0.6897

MAPE 6.9 6.1 5.9 4.8
15 0.7343 0.8234 0.7334 0.8016 0.7070

16 0.7634 0.8769 0.7531 0.8391 0.7224

17 0.7885 0.9339 0.7728 0.8766 0.7361

MAPE 15.1 1.2 9.2 5.2

The properties of the time series is conserved

4. Conclusion

Grey generating operators play a significant role in grey forecasting models. However, the

existing accumulated generating operator increases the weight of old data. It is well known that

the objective of mining the past is to determine the future. Taking full advantage of every single

piece of information is important, especially the recent information. The time varying weighted
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generating operator not only increases the weights of new data but also relieves the influence of

numerical fluctuations. WGM(1,1) is developed to fully extract information concealed in new

data, and it has a varying weight k that can realistically reflect the non-linearity of the data. This

research further explores the performance of WGM(1,1) with three cases. The results show that

WGM(1,1) is practical and reliable forecasting tool.

With regard to directions for future research, one suggestion is to model grey multi-variable

models and grey model with rolling mechanism by the time varying weighted generating operator.

It is also suggested that the WGM(1,1) be applied to other practical fields, to further confirm its

effectiveness.
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