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Abstract—Uncertainty, hesitation and vagueness are inherent
to human beings when articulating opinions and preferences.
Therefore in decision making situations it might well be the case
that experts are unable to express their opinions in an accurate
way. Under these circumstances, various families of preference
relations (PRs) have been proposed (linguistic, intuitionistic and
interval fuzzy PRs) to allow the experts to manifest some degree
of hesitation when enunciating their opinions. An extreme case
of uncertainty happens when an expert is unable to differentiate
the degree up to which one preference is preferred to another.
Henceforth, incomplete preference relations are possible. It is
worth to bear in mind that incomplete information does not
mean low quality information, on the contrary, in many occasions
experts might prefer no to provide information in other to keep
consistency. Consequently mechanism to deal with incomplete
information in decision making are necessary. This contribution
presents the main consistency based completion approaches to
estimate incomplete preference values in linguistic, intuitionistic
and interval fuzzy PRs.

I. I NTRODUCTION
A comparative study between different alternative preference elicitation methods reported in [1] concluded that pairwise comparison methods are more accurate than non-pairwise
methods because the formers ease the experts to present
their preferences focusing exclusively on two alternatives at
a time. Nevertheless, their associated drawback, is that some
experts might not been able to discriminate the degree up to
which some of the options are better than others, and as a
consequence incomplete preferences are provided.
In these situations, some approaches propose to discard
or rate more negatively the experts that provide incomplete
preferences [2] under the premise that a good solution to a
decision making problem cannot be achieved from incomplete
information. On the contrary, empirical evidence suggests that
the incomplete PR derived from the random deletion of as
much as 50 % of the elements of a complete pairwise PR
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provides good results without compromising accuracy [3].
Indeed, incomplete information does not mean low quality
information and therefore these approaches could delete useful
information leading to biased and inaccurate results. Hence
approaches to complete or estimate the missing information
becomes necessary.
Equally important is the fact that subjectivity, imprecision
and vagueness in the articulation of opinions pervade real
world decision applications, and it becomes hard for the
experts to articulate their preferences by means of exact values.
To overcome this issue two main mathematical frameworks
have been proposed:
• Numeric PRs that allow to express preferences with a
greater degree of uncertainty, namely the Interval valued
PRs (IVPRs) and the Intuitionistic PRs (IPRs). Both have
been proved to be isomorphic in [4].
• Linguistic PRs (LPRs) allow experts to express their
opinions by means of a finite set of linguistic labels. The
main advantage of this approach is that enables the users
to express their opinions by means of words. Nevertheless
this approach could lead to loss of information because
of the linguistic approximations. Furthermore choosing
the cardinality of the linguistic term set is another issue
to bear in mind since words could mean different things
to different people [5].
In this contribution we present a critical study of the
main consistency based completion approaches to estimate
incomplete preference values when dealing with IPRs, IVPRs
and LPRs. The rest of this contribution is organized as follows:
Section II presents the preliminary concepts that will be
needed in subsequent sections. This include the presentation
of the main preference representation formats dealt with as
well as the concept of consistency of preferences. Section III
presents consistency based completion approaches to estimate
incomplete preference values for the preference relations previously presented. Finally, conclusions are drawn and future
research work on this area are presented in Section IV.
II. P REFERENCE R ELATIONS AND C ONSISTENCY OF
P REFERENCES
When carrying out decision-making processes experts usually are required to compare a finite set of alternatives
X = {x1 , x2 , . . . , xn } with respect to a single criterion, and
construct PRs. Formally, a preference relation is defined as
follows:
Definition 1 (Preference Relation (PR)): A preference relation R is a binary relation defined on the set X that is

characterised by a function µp : X × X → D, where D is
the domain of representation of preference degrees provided
by the decision maker.
When cardinality of X is small, R may be conveniently represented by an n × n matrix R = (rij ), with rij = µp (xi , xj )
being interpreted as the degree or intensity of preference of
alternative xi over xj . There are two basic types of numeric
PRs: crisp PRs [6] and [0,1]–valued PRs commonly known
as Fuzzy PRs, FPRs [7]. The second type of relation is an
extension of the first one, that is FPRs have crisp relations as
a particular case. The elements of R can also be of linguistic
nature, i.e. can be any of a possible set of linguistic labels. In
the following we will focus on three types of PRs: IntervalValued PRs (II-A), Intuitionistic PRs (II-B) and Linguistic
PRS (II-C).
A. Interval-Valued PRs
The introduction of the concept of fuzzy set as an extension
of the classical concept of set when applied to a binary relation
leads to the concept of a fuzzy or [0,1]-valued preference
relation, P = (pij ) [7], referred to as reciprocal preference
relation (RPR) in this contribution:
Definition 2 (Reciprocal Preference Relation (RPR)): A
RPR P on a finite set of alternatives X is characterised by a
membership function

B. Intuitionistic Preference Relations
The concept of an intuitionistic fuzzy set (IFS) was introduced by Atanasov in [10]:
Definition 5 (Intuitionistic Fuzzy Set (IFS)): An intuitionistic
fuzzy set (IFS) A over a universe of discourse X is represented
as A = {(x, hµA (x), νA (x)i) |x ∈ X} where µA : X → [0, 1],
νA : X → [0, 1] and 0 ≤ µA (x) + νA (x) ≤ 1 ∀x ∈ X. For
each x ∈ X, the numbers µA (x) and νA (x) are known as the
degree of membership and degree of non-membership of x to
A, respectively.
An IFS becomes a FS when µA (x) = 1 − νA (x) ∀x ∈ X.
However, when there exists at least a value x ∈ X such that
µA (x) < 1 − νA (x), an extra parameter has to be taken into
account: the hesitancy degree, τA (x) = 1 − µA (x) − νA (x),
that represents the amount of lacking information in determining the membership of x to A. If the hesitation degree
is zero, the reciprocal relationship between membership and
non-membership makes the latter one unnecessary in the
formulation as it can be derived from the former.
In [11], Szmidt and Kacprzyk defined the intuitionistic fuzzy
preference relation (IFPR) as a generalisation of the concept
of the RPR.
Definition 6 (Intuitionistic Fuzzy PR (IFPR)): An intuitionistic fuzzy preference relation (IFPR) B [12] on a finite set of
alternatives X is characterised by a membership function

µP : X × X −→ [0, 1], µP (xi , xj ) = pij ,
verifying
pij + pji = 1 ∀i, j ∈ {1, . . . , n}.
The following interpretation is assumed:
• pij > 0.5 indicates that the expert prefers the alternative
xi to the alternative xj , with pij = 1 being the maximum
degree of preference for xi over xj ;
• pij = 0.5 represents indifference between xi and xj .
As Mendel stated in [8], the membership functions of fuzzy
sets are subject to uncertainty arising from various sources. To
reflect this uncertainty Klir and Folger proposed to blur a fuzzy
set to create an interval-valued fuzzy set [9]:
Definition 3 (Interval-Valued Fuzzy Set (IVFS)): Let
IN T ([0, 1]) be the set of all closed subintervals of [0, 1] and
X be a universe of discourse. An interval-valued fuzzy set
e on X is characterised by a membership function
(IVFS) A
e on X can be expressed
µAe : X → IN T ([0, 1]). An IVFS A
as follows:
A = {(x, µAe(x)); µAe(x) ∈ IN T ([0, 1]) ∀x ∈ X}.
The application of the concept of IVFS to an RPR leads to
the concept of interval-valued RPR (IVRPR), i.e. a preference
relation with domain of representation of preference degrees
is the set of all closed subintervals of [0, 1], D = IN T ([0, 1]).
Definition 4 (Interval-Valued RPR (IVRPR)): An IVRPR B
on a finite set of alternatives X = {x1 , . . . , xn } is characterised by a membership function µB : X × X −→ P̃ ([0, 1])
+
−
+
+
−
with µB (xi , xj ) = [b−
ij , bij ] verifying bij + bji = bij + bji =
+
−
1, bii = bii = 0.5 ∀i, j = 1, 2, . . . n.

µB : X × X → [0, 1]
and a non-membership function
νB : X × X → [0, 1]
such that
0 ≤ µB (xi , xj ) + νB (xi , xj ) ≤ 1 ∀(xi , xj ) ∈ X × X.
An IFPR can be conveniently represented by a matrix B =
(bij ) with bij = (µij , νij ) ∀i, j = 1, 2, . . . , n. The value µij =
µB (xi , xj ) can be interpreted as the certainty degree up to
which xi is preferred to xj , while the value νij = νB (xi , xj )
represents the certainty degree up to which xi is non-preferred
to xj . When the following additional conditions are imposed:
• µii = νii = 0.5 ∀i.
• µji = νij , νji = µij ∀i, j.
we refer to this IFPR as reciprocal and we will denote it as
IRFPR. Notice that when the hesitancy degree function is the
null function we have that µij + νij = 1 ∀i, j, and therefore
the IRFPR B = (bij ) is mathematically equivalent to the APR
(µij ), i.e. B = (µij ). Given an IFRPR, it is always possible
to derive a RPR via the application of a score function [12],
[13].
C. Linguistic Preference Relation
As aforementioned subjectivity, imprecision and vagueness
in the articulation of opinions pervade real world decision
applications [14], and individuals might feel more comfortable
using words by means of linguistic labels or terms to articulate
their preferences [15].

Let L = {l0 , . . . , ls } be a set of linguistic labels (s ≥ 2),
with semantic underlying a ranking relation that can be precisely captured with a linear order, i.e., l0 < l1 < · · · < ls .
Assuming that the number of labels is odd and the central
label ls/2 stands for the indifference state when comparing two
alternatives, the remaining labels are usually located symmetrically around that central assessment, which guarantees that a
kind of reciprocity property holds as in the case of numerical
preferences previously mentioned.
Definition 7 (Linguistic Preference Relation (LPR)): A LPR
P on a finite set of alternatives X is characterised by a linguistic membership function µP : X × X −→ L, µP (xi , xj ) =
pij ∈ L.
Two main mathematical frameworks to represent LPRs in
decision making have been proposed:
•

•

LPR based on cardinal representation In this model
each linguistic assessment is represented using a fuzzy
number that is characterised by a membership function,
with base variable the unit interval [0, 1], describing its
semantic meaning. The membership function maps each
value in [0, 1] to a degree of performance which represents its compatibility with the linguistic assessment [15].
LPR based on ordinal representation In this case
the semantics of the linguistic labels are established by
assuming that in the set of linguistic terms L the labels
are uniformly and symmetrically distributed around that
central assessment ls/2 , i.e., assuming the same discrimination levels on both sides of ls/2 and by considering
that both terms li and ls−i are equally informative.
Linguistic symbolic computational models have been
defined to manage the ordinal linguistic information in
the decision making problems [14]. The symbolic models
work with the ordinal scales of the set of linguistic
terms to combine linguistic information. There exit four
different linguistic symbolic computational models based
on ordinal scales, : (i) Linguistic symbolic computational model based on max-min operators [16], (ii) Linguistic symbolic model based on convex combination
[17],(iii) Linguistic symbolic model based on virtual
linguistic term set [18], (iv) Linguistic symbolic model
based on the 2-tuple linguistic representation [19], which
was introduced to avoid the loss of information that
appears when the mentioned translation function in the
linguistic symbolic model based on convex combination
is applied.
This last model is built on the following linguistic 2-tuple
representation definition:.
Definition 8: Let L be a linguistic term set and β ∈ [0, s]
a value supporting the result of a symbolic aggregation
operation, then the 2–tuple that expresses the equivalent
information to β is obtained with the following function:
∆:

[0, s] −→ S × [−0. 5, 0. 5)
∆(β) = (li , α)
i = round(β)
α=β−i

where “round” is the usual rounding operation, li has the
closest index label to “β” and “α” is the value of the
symbolic translation.
D. Consistency
As Cutello et al. stated in [20]: ’some individual opinions
can be considered more consistent than other individual opinions’ and they defined the explicit consistency as the’absence
of explicit contradictions’. They also claimed that the problem
of modelling rationality of individuals based only on their
opinions over a finite and fixed set of alternatives expressed
using FPRs can be considered a fuzzy concept. Indeed they
modelled the fuzzy rationality measures, which are explicitly
consistent, by establishing a collection of conditions that
needed to be satisfied.
Consistency of RPRs has been modelled using the notion
of transitivity in the pairwise comparison among any three
alternatives. That is, if xi is preferred to xj ( xi  xj ) and this
one to xk ( xj  xk ) then alternative xi should be preferred
to xk ( xi  xk ), which is normally known as weak stochastic
transitivity [21]. Furthermore any property that guarantees the
transitivity of the preferences is called a consistency property
[22].
A formal approach to model the multiplicative consistency
for IVRPRs and IRFPRs has been proposed in [4] as a formal
generalisation of the Tanino’s multiplicative transitive property
for RPRs [23] by applying Zadeh’s Extension Principle [15]
and the Representation Theorem of Fuzzy Sets [24].
The concept of consistent IVRPR is defined as follows:
Definition 9 (Multiplicative Consistent IVRPR): An IVRPR
+
B = (bij ) = ([b−
ij , bij ]) is consistent if and only if
 − − −
− −
bij bjk bki = b−
ik bkj bji
∀i, j, k :
(1)
+ +
+ + +
b+
ij bjk bki = bik bkj bji
In [4] the IRFPRs R = (rij ) = (hµij , νij i) has been proved
to be isomorphic to the IVRPRs B = (bij ) = ([µij , 1 − νij ]),
therefore the multiplicative consistent IRFPR can be defined
as follows:
Definition 10 (Multiplicative Consistent IRFPR): An IRFPR
R = (rij ) = (hµij , νij i) is consistent if and only if

 µij µjk µki = µik µkj µji
(1 − νij )(1 − νjk )(1 − νki ) =
∀i, j, k :

(1 − νik )(1 − νkj )(1 − νji )
(2)
In the case of LPRs, the consistency property has been
defined with different expressions depending on the linguistic
approach used:
Definition 11 (Cardinal Additive Consistency of LPRs [25]):
Given a LPR, P̃ = p˜ij in which each linguistic preference
degree has associated a triangular fuzzy membership function,
M
R
i.e.,p˜ij = (pL
ij , pij , pij ), then P̃ is additive consistent if and
only if
 L
3
L
R
 pij + pjk + pki = 2
3
M
pM + pM
∀i, j, k :
jk + pki = 2
 ij
3
R
L
pR
ij + pjk + pki = 2

On the other hand, Tanino’s multiplicative consistency for
FPRs have been formally extended in [26] to the case of
LPRs by means of Zadeh’s Extension Principle [15] and the
Representation theorem [24].
Definition 12 (MTP of a FLPR): A fuzzy linguistic preference relation R = (rij ) on a finite set of alternatives X is
multiplicative transitive if and only if
∀α ∈ (0, 1] ∧ ∀i, k, j :
α−
α−
α−
α−
α−
α−
rij
· rjk
· rki
= rik
· rkj
· rji
α+
α+
α+
α+
α+
α+
rij
· rjk
· rki
= rik
· rkj
· rji

MPRs, regarding the exact functional relation between the
preference values and the priority vector [33]. Therefore
they directly calculate the ranking of the alternatives, also
known as the weighting vector, instead of completing the
PRs. However the missing PRs can be directly computed
from this weighting vector.
In this section the main approaches developed in the literature to tackle incomplete IFRPRs, IVRPRs and LPRs are
presented.
A. Managing missing preference values in IVRPRs

)
(3)

Definition 13 (Ordinal Additive Consistency of LPRs [27]):
Given a 2-tuple LPR P = (pij ) on a set of alternatives X,
such that
pij : X × X −→ L × [−0.5, 0.5)
then P will be considered consistent if for every three alternatives xi , xj and xk , the following condition holds
s
pik = ∆(∆−1 (pij ) + ∆−1 (pjk ) − ) ∀i, j, k ∈ {1, . . . , n}.
2
III. A PPROACHES TO ESTIMATE MISSING INFORMATION
UNDER UNCERTAINTY

As aforementioned, in decision making there are circumstances when an expert is not always able to provide their
preferences for a number of reasons ranging from lack of
knowledge to lack of time. To model these situations the
concept of incomplete PR was introduced in [28].
Definition 14: A function f : X −→ Y is partial when not
every element in the set X necessarily maps to an element in
the set Y . When every element from the set X maps to one
element of the set Y then we have a total function.
Definition 15: A preference relation P on a set of alternatives X with a partial membership function is an incomplete
preference relation.
The approaches to tackle with incomplete information in
GDM have been extensively studied in the last two decades
[29]. Nevertheless the majority of them are aimed for the
case of FPR [30]. Generally speaking, these proposals can
be classified in two main categories depending on how they
estimate the unknown information:
1) Iterative approaches: The missing information is estimated by means of indirect chains of known values. In
each iteration the system recognizes the values that can
be estimated at this time. The procedure stops when there
are no more values to estimate.
2) Optimisation approaches: In this case a goal function,
such as a consistency or consensus index, is optimised
so as to estimate the missing values. In this sense, the
two most relevant approaches for the case of FPRs are
[31], [32]. These contributions have been used as the
basis for other approaches developed for IFPRS, IVPRs
and LPRs. On the other hand, other optimization methods
are based on Saaty’s assumption for Multiplicative PRs,

For the case of IVRPRs three methodologies have been
reported: The first two use consistency properties to estimate
the missing preference values [34], [35] whereas the last one
[36] is based on the rough set theory [37].
• In [34], the so-called interval multiplicative transitivity
property is introduced. This consistency property is built
upon Tanino’s [23] multiplicative consistency but applied
for the optimistic and the pessimistic cases. Based on
this consistency it estimates the missing preference values
from the adjacent known ones.
• In [35] it is reported a framework applicable for various
types of PRs, namely FPRs, MRPRs, 2-tuple LPRs and
IVRPRs. To estimate the missing values of an IVRPRs
the iterative, additive consistency based procedure proposed in [28] is applied independently to both the lower
and upper bounds of the IVRPRs.
• In [36] it has been proposed a dominance-based rough
set approach. The main novelty is that it considers three
types of incomplete IVRPRs: (i) IVRPR with incomplete
upper bound and complete lower bound, (ii) IVRPR
with complete upper bound and incomplete lower bound,
and (iii) IVRPR with both incomplete upper and lower
bounds.
B. Managing missing preference values in IFRPRs
Three main iterative approaches have been considered for
incomplete IFRPRs [12], [38], [4]. Furthermore an approach
presented by Xu et al. in [39] to deal with missing interval
value intuitionistic additive and multiplicative PRs (IVIFRPRs) is also analysed.
• In [12] the concept of multiplicative IFRPRs is defined
based on the concept of multiplicative consistency of
RPRs. The estimation of the missing values is accomplished by means of an iterative method driven by the
multiplicative consistency.
• The work proposed in [38] presents a completion method
also based on the multiplicative consistency property.
This method uses an indirect chain of known values to
estimate the unknown ones, applying the multiplicative
consistency independently to the µij and νij .
• In [4] it has been proposed a GDM process with consensus in which the missing values of the IFPPRs are
estimated following an iterative procedure built upon the
one in [28]. This method is based on the multiplicative
consistency property presented before in Definition 10.

•

•

Xu et al. introduce in [39] the additive and the multiplicative consistent incomplete IVIFRPRs and define the
concept of acceptable incomplete interval-valued intuitionistic fuzzy preference relation. In this contribution
they also propose two procedures for completing the
acceptable incomplete interval-valued intuitionistic based
on the arithmetic average and the geometric mean, respectively.
In [40] an approach to multiattribute decision making
with incomplete attribute weight information where individual assessments are provided as IVIFRPRs has been
proposed. By means of optimization models, this methodology derives a linear program for determining attribute
weights.

C. Managing missing preference values in LPRs
In this subsection we present the methodologies classified
depending on the linguistic frameworks they use: (i) 2-tuple
LPRs [35], [41], [42]; (ii) LPRs based on virtual linguistic term
sets [43], [44]; and (iii) LPRs based on a cardinal approach
[45], [25].
(i) 2-tuple LPRs.
a) Alonso et al. in [35] propose a method which converts the 2- tuple LPR into an RPR applying the
transformation functions between 2-tuples and RPRs
proposed in [19]. Then it estimates the missing values
using the additive transitivity property for RPRs. Once
the RPRs is completed, it is transformed back to the
corresponding 2-tuple LPR.
b) Also Alonso et al. in [27] apply the linguistic additive
consistency property to estimate the missing 2-tuple
linguistic values and design an iterative procedure
built upon the one proposed in [28] for RPRs. This
approach was later used in [41] to define an additive
consistency measure of the information provided by
each expert to assign importance degrees to experts
in the aggregation process. Furthermore in [42] it has
been presented an application of this methodology to
estimate unknown users’ preferences in fuzzy linguistic recommender systems.
(ii) LPRs based on Virtual linguistic term sets.
a) Xu in [43] proposes an additive transitivity property
based method to estimate missing LPRs assessed on
virtual linguistic term sets. This author also propose
in [46] and in [47] completion methods based on the
multiplicative transitivity.
b) Hsu et al. in [44] present an alternative additive transitivity property based estimation method of missing
LPRs assessed on virtual linguistic term sets for which
they propose three ways of pairwise comparisons:
horizontal, vertical and oblique.
(iii) LPRs based on a cardinal approach.
a) Li et al. [45] propose an extension of the well known
LINMAP method [48] to deal with decision making
problems with fuzzy linguistic information. Each al-

ternative is assessed on the basis of its distance to a
fuzzy positive ideal solution (FPIS) which is unknown,
using a new method to calculate the distance between
trapezoidal fuzzy number scores. The FPIS and the
weights of attributes are then estimated using a linear
programming model guided by the consistency and
inconsistency criteria. The distance of each alternative
to the FPIS is calculated to determine the ranking order
of all alternatives.
b) Wang et al. [25] present an approach which uses
triangular membership function to model linguistic information and that is driven by the additive consistency
property.
IV. C ONCLUSIONS AND FUTURE WORK
Hesitance and uncertainty is inherently related to human beings when making decisions. In formal group decision making
approaches this hesitance needs to be addressed allowing the
experts to provide their preferences without forcing them to
give an exact value. To that aim different families of PRs have
been proposed namely: IFRPRs, IVRPRs and LPRs. However,
in real situations, the experts might not be able to differentiate
the degree up to which one alternative is preferred to another
providing PRs with missing values. In this contribution we
have analysed the research efforts carried out in order to
estimate missing information when the experts are allowed
to enunciate their preferences by means of the PRs mentioned
above. Those method are mainly guided by consistency criteria, formally extended for RPRs following Zadeh’s Extension
Principle and the Representation Theorem. These approaches
can be widely classified in two main groups: 1) Iterative
approaches 2) Optimisation approaches. Apart from the PRs
that have been subject of study in this contribution there
are other promising preference representation frameworks:
Hesitant fuzzy PRs [49] (HFPRs) based on Torra’s Hesitant
Fuzzy sets [50] and LPRs modelled by Interval Type-2 fuzzy
sets [51] (IT2PRs). Indeed, this second framework deserves
especial attention since it allows to model the uncertainty
not only in the preference degree but also in the meaning
of the linguistic label, since, as it has been stated by Mendel
in [5], same words mean different things for different people.
Nevertheless, in spite of being very useful to reflect uncertainty
in the experts’ opinions, as far as we are concerned, there are
no formal approaches that deal with missing information for
these types of IT2PRs. Therefore as future work, we plan to
develop approaches based on consistency to deal with missing
information for HPRs, and IT2PRs.
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