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Abstract—Information aggregation is a key task in any group
decision making problem. In the fuzzy linguistic context, when
comparing two alternatives, it is usually assumed that assessments
belong to linguistic term sets of symmetrically distributed labels
with respect to a central label that stands for the indifference
state. However, in practice there are many situations whose na-
ture recommends their modelling using not symmetric linguistic
term sets, and therefore formal approaches to deal with sets of
unbalanced linguistic labels in decision making are necessary to
be appropriately developed. In literature, the linguistic hierarchy
methodology has proved successful when modelling unbalanced
linguistic labels using an ordinal approach in their representation.
However, linguistic labels can be modelled using a cardinal
approach, i.e. as fuzzy subsets represented by membership
functions. Obviously, the linguistic hierarchy methodology is
not appropriate in these cases. In this contribution, a Type-1
OWA approach is proposed to deal with the aggregation step
of the resolution process of a group decision making problem
with unbalanced linguistic information modelled using a cardinal
approach. The Type-1 OWA operator aggregates fuzzy sets and
uses whole membership functions to compute the aggregated
output fuzzy sets. The application of the Type-1 OWA approach to
an example where the linguistic hierarchy approach was applied
before will provide us an opportunity to compare the aggregated
results obtained in both cases. Following the defuzzification
of the Type-1 OWA aggregated values, it can be concluded
that both methodologies are equivalent. The use of the Type-1
OWA approach in this decision making context does not require
building linguistic hierarchies while at the same time allows a
fully exploitation of the fuzzy nature of linguistic information.

I. INTRODUCTION

Fuzzy Linguistic Approach [1] has proved successful in

manifold research areas in which imprecision and vagueness

associated to qualitative information is present. Key elements

of this approach are the concept of linguistic variable and the

semantic rules to associate to each element of the universe

of discourse its meaning. The association among linguistic

variable and its semantic has been resolved through fuzzy sets.

Another important aspect related to linguistic approach is the

granularity of the uncertainty, i.e. the grade of distinction or

discrimination of the uncertainty that is represented by the

cardinality of the corresponding linguistic term set [2].

Most decision making problems with linguistic information

are modelled assuming linguistic term sets with a symmetric

and uniform distribution of the linguistic assessments on the

universe of discourse. Clearly this approach may be appro-

priate to problems where the distinction of uncertainty is

proportional and equal among the set of linguistic terms, but

there exist problems where this does not happen. For example

if we consider the (educational) grading system depicted in

Fig. 1, we observe as in the right side of the scale there are

more terms than in the left side, and that the triangular fuzzy

sets representing the semantic of each assessment are different.

This is a typical case where dealing with unbalanced linguistic

term sets is required [3], [4].
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Fig. 1. Semantic representation of the granding system

In literature, there exist several methodologies to address

decision making problems with unbalanced linguistic term

sets based on the 2-tuple information representation model

[7], [8], although in this contribution we focus on so-called

linguistic hierarchy methodology (LH). LH was introduced

in [5] and later applied in [6] to improve the precision in

processes of computing with words in multi-granular linguistic

contexts. In [4], it was successfully demonstrated how this

methodology could be applied in aggregating unbalanced

linguistic information. In summary, LH consists of building

a structure with several levels where each one represents a

linguistic term set with different granularity to the remaining

levels of the hierarchy, maintaining the former modal points

and achieving a smooth transitions between successive levels.

By means of transformation functions, linguistic labels of a

level can be transformed to labels of different levels without

loss of information. In this way all unbalanced linguistic term

sets can be mapped with its appropriate linguistic term within

the structure, and are transformed to a common domain with



maximum granularity which ultimately are aggregated using

the 2-tuple linguistic computational model. This methodology,

which has later been improved regarding the construction of

the LH [9], is complex to put it into practice.

A different approach to tackle problems with unbalanced

linguistic information is via the Type-1 Ordered Weighted

Average (Type-1 OWA) operator [10]. This operator has been

developed via the application of the extension principle to

Yager’s OWA operator [11]. Among the set of features that

define this operator, we would highlight two that we deem

crucial for this framework. The first one is its capacity to

aggregate directly linguistic terms even when they are mod-

elled using different type of membership functions (triangular,

trapezoidal, etc.), within the context of balanced or unbalanced

linguistic context. The second one refers to the capability

of the Type-1 OWA to make use of the whole membership

function of the fuzzy sets to aggregate. Both characteristic

allow us to conclude that it is a fitting aggregation operator

to operate with fuzzy unbalanced linguistic information. Type-

1 OWA has been successfully applied to aggregate linguistic

information with linguistic weights [12], [13] and to address

consensus reaching processes with multi-granular linguistic

information [14].

The aim of this contribution is to introduce the Type-1 OWA

operator as a precise, reliable and useful operator to aggregate

unbalance fuzzy linguistic information in GDM problems.

This operator is able to aggregate linguistic term sets with

different semantic and granularity when they are represented as

fuzzy sets. Notice that in [15], the representation of linguistic

assessments using the cardinal approach based on the use of

fuzzy sets, and the ordinal approach based on the use of the

2–tuples were proved to be mathematically isomorphic when

fuzzy numbers are ranked using their respective centroids.

Thus, the Type-1 OWA methodology put forward here may be

seen as an extension of the linguistic symbolic computational

model based on ordinal scales and indexes.

This contribution is structured as follows. Section II revises

the the 2-tuples information representation model (II-A) as

well as the LH methodology (II-B). Section III includes a de-

tailed description of Type-1 OWA operator and its application

in aggregating unbalanced fuzzy linguistic information using

the same data used in [4] where the LH methodology was

applied. Following a comparison of the results obtained using

the Type-1 OWA approach and the previously reported using

the LH approach is provided. The paper is closed with Section

IV where conclusions are drawn.

II. PRELIMINARIES

This section presents a brief review of the basic concepts

concerning the 2-tuples linguistic representation model and

fundamentals of linguistic hierarchies as used in unbalanced

linguistic decision contexts.

A. The 2-Tuple Linguistic Representation Model

The 2-tuple linguistic representation model was presented

in [16] and it is the basis of the computational model for the

LH methodology,

This linguistic model takes as a basis the symbolic re-

presentation model based on indexes and in addition defines

the concept of symbolic translation to represent the linguistic

information by means of a pair of values called linguistic

2–tuple, (si,αi), where si is one of the original linguistic

terms (i.e. si ∈ S = {s0, ...,sg}) and αi ∈ [−.5, .5) is a numeric

value representing the symbolic translation. This representa-

tion structure allows, on the one hand, to obtain the same

information than with the symbolic representation model based

on indexes without losing information in the aggregation

phase. On the other hand, the result of the aggregation is

expressed on the same domain as the initial linguistic labels.

Definition 1 (Linguistic 2–tuple representation): Let β ∈
[0,g] be the result of a symbolic aggregation of the in-

dexes of a set of labels assessed in a linguistic term set

S = {s0, ...,sg}. Let i = round(β ) ∈ {0, . . . ,g}. The value

αi = β − i ∈ [−0.5,0.5) is called a symbolic translation, and

the pair of values (si,αi) is called the 2–tuple linguistic

representation model.

This model defines a set of functions between linguistic 2-

tuples and numerical values.

Definition 2: Let S= {s0, . . . ,sg} be a set of linguistic terms.

The 2-tuple set associated with S is defined as 〈S〉 = S ×
[−0.5,0.5). We define the function ∆ : [0,g]−→ 〈S〉 given by,

∆(β ) = (si,α), with

{

i = round (β ),

α = β − i,

where round assigns to β the integer number i ∈ {0,1, . . . ,g}
closest to β .

We note that ∆ is bijective [16] and ∆−1 : 〈S〉 −→ [0,g]
is defined by ∆−1(si,α) = i + α . In this way, the 2-tuples

of 〈S〉 will be identified with the numerical values in the

interval [0,g]. This representation model has associated a

computational model that was presented in [16].

B. Linguistic Hierarchies

The LH was introduced in [5] as a methodology to compute

with words without loss information, which was subsequently

improved in [6].

A LH is a set of levels, where each level consists of a

linguistic term set with different granularity to the remaining

levels of the hierarchy. Each level of a LH is denoted as

l(t,n(t)), with t indicating the level of the hierarchy and n(t) the

granularity of the linguistic term set of level t. It is assumed

that all levels of a LH contain linguistic term sets with an

odd number of terms, modelled via triangular membership

functions and symmetrical and uniformly distributed in [0,1].
The levels belonging to a LH are ordered according to their

granularity. A LH is also defined as the union of all its levels

t: LH =
⋃

t l(t,n(t)).
1) Building linguistic hierarchies: Given a LH, with lin-

guistic term set at level t, S = {s0, ...,sn(t)−1}, sk ∈ S,(k =
0, ...,n(t)−1), and n(t) its granularity of uncertainty, then this

is denoted as follows:

Sn(t) = {s
n(t)
0 , ...,s

n(t)
n(t)−1

}.



The methodology to construct a LH increases the granularity

of each linguistic term set at each level, and it was presented

in [6]. It consists of the following rules, so-called linguistic

hierarchy basic rules:

1) To preserve all former modal points of the membership

functions of each linguistic term from one level to the

following one.

2) To make smooth transitions between successive levels

in order to build a new linguistic term set, Sn(t+1). The

new linguistic term will be added between each pair of

terms belonging to the term set of the previous level t

(see Fig. 2).

Fig. 2. LH with four levels of granularity 3, 5, 9 and 17, respectively

Generally, the granularity of the linguistic term set at level

t+1 is obtained from the granularity of the linguistic term set

at level t as follows:

l(t,n(t))→ l(t +1,2 ·n(t)−1).

2) Computational Model: Herrera et al. in [6] defined the

following transformation function T F t
t ′

between labels of two

different levels

T F t
t ′ : l(t,n(t))−→ l(t ′,n(t ′))

T F t
t ′(s

n(t)
i ,αn(t)) = ∆

(

∆−1(s
n(t)
i ,αn(t)) · (n(t ′)−1)

n(t)−1

)

. (1)

T F t
t ′

is a one-to-one function between the 2-tuple linguistic

representation of the different levels of the LH. [6]. The

aim of such transformation function is that linguistic terms,

independently of its shape and semantic, can be mapped to

an unique expression domain, and consequently are amenable

to be manipulated with the 2-tuples computational model

proposed in [17]. Indeed, in this methodology the membership

functions used to modelled a linguistic labels are disregarded

because linguistic labels are modelled via their corresponding

ordinal 2-tuple representations. A drawback of this methodol-

ogy regards the high granularity of the last levels of the LH,

although this problem has been partially resolved applying the

least common multiple approach reported in [18].

III. TYPE-1 OWA OPERATOR TO AGGREGATE

UNBALANCED FUZZY LINGUISTIC INFORMATION

Unlike Yager’s OWA operator that aggregates crisp values

[11], the Type-1 OWA operator is able to aggregate type-1

fuzzy sets with uncertain weights which are also modelled

as type-1 fuzzy sets. In the following we present the main

aspects of the definition of the type-1 OWA operator (III-A)

and its application in aggregating unbalanced fuzzy linguistic

information (III-B).

A. The Type-1 OWA operator

As a generalisation of Yager’s OWA operator, and based on

the extension principle, a Type-1 OWA operator is defined as

follows [10]:

Definition 3: Given n linguistic weights
{

W i
}n

i=1
in the form

of type-1 fuzzy sets defined on the domain of discourse [0,1],
a Type-1 OWA operator is a mapping, Φ,

Φ : P̃(R)×·· · P̃(R) −→ P̃(R)
(A1, · · · ,An) 7→ Y

such that

µY (y) = sup
n

∑
k=1

w̄iaσ(i) = y

wi ∈U,ai ∈ X

(

µW 1(w1)∧·· ·∧µW n(wn)
∧µA1(a1)∧·· ·∧µAn(an)

)

(2)

where w̄i =
wi

∑
n
i=1 wi

; σ is a permutation function such that

aσ(i) ≥ aσ(i+1), ∀i = 1, · · · ,n−1; and P̃(R) is the set of fuzzy

sets on R.

A Direct Approach to performing Type-1 OWA operation

was suggested in [10]. Nevertheless, this approach is com-

putationally expensive, which inevitably curtails its further

applications to real world decision making. To solve this

drawback, a fast approach to Type-1 OWA operations has been

developed based on the α-level of fuzzy sets [12].

Definition 4: Given the n linguistic weights
{

W i
}n

i=1
in the

form of type-1 fuzzy sets defined on the domain of discourse

[0,1], then for each α ∈ [0,1], an α-level Type-1 OWA operator

with α-level weight sets
{

W i
α

}n

i=1
to aggregate the α-level of

type-1 fuzzy sets
{

Ai
}n

i=1
is given as

Φα

(

A1
α , · · · ,A

n
α

)

=







n

∑
i=1

wiaσ(i)

n

∑
i=1

wi

∣

∣

∣

∣

∣

wi ∈W i
α , ai ∈ Ai

α ,∀i







(3)

where W i
α = {w|µWi

(w)≥α}, Ai
α = {x|µAi

(x)≥α}, and σ is a

permutation function such that aσ(i) ≥ aσ(i+1), ∀ i = 1, · · · ,n−
1.

According to the Representation Theorem of type-1 fuzzy

sets, the α-level sets Φα

(

A1
α , · · · ,A

n
α

)

obtained via Definition

4 can be used to construct the following type-1 fuzzy set on

R

G = ∪
0<α≤1

αΦα

(

A1
α , · · · ,A

n
α

)

(4)

with membership function



µG(x) = ∨
α:x∈Φα(A1

α ,··· ,A
n
α)α

α (5)

Fuzzy sets obtained in (2) and (4) may seem different,

however in [12] Zhou et al. proved that both results are

equivalent, in what it is known as the Representation Theorem

of Type-1 OWA Operators.

Theorem 1: Given the n linguistic weights
{

W i
}n

i=1
in the

form of type-1 fuzzy sets defined on the domain of discourse

[0,1], and the type-1 fuzzy sets A1, · · · ,An, then we have that

Y = G

where Y is the aggregation result defined in (2) and G is the

result defined in (4).

Therefore, an effective and practical way of carrying out

Type-1 OWA operations is to decompose the Type-1 OWA

aggregation into the α-level Type-1 OWA operations and then

reconstruct it via the above representation theorem. This α-

level approach has been proved to be much faster than the

direct approach [12], so it can be used in real time decision

making and data mining applications.

When the linguistic weights and the aggregated sets are

fuzzy number, the α-level Type-1 OWA operator produces

closed intervals [12]:

Theorem 2: Let
{

W i
}n

i=1
be fuzzy numbers on [0,1] and

{

Ai
}n

i=1
be fuzzy numbers on R. Then for each α ∈ U,

Φα

(

A1
α , · · · ,A

n
α

)

is a closed interval.

Based on this result, the computation of the Type-1 OWA

output according to (4), G, reduces to compute the left end-

points and right end-points of the intervals Φα

(

A1
α , · · · ,A

n
α

)

:

Φα

(

A1
α , · · · ,A

n
α

)

−
and Φα

(

A1
α , · · · ,A

n
α

)

+
,

where Ai
α = [Ai

α−,A
i
α+],W

i
α = [W i

α−,W
i
α+].

For the left end-points, we have

Φα

(

A1
α , · · · ,A

n
α

)

−
= min

W i
α− ≤ wi ≤W i

α+

Ai
α− ≤ ai ≤ Ai

α+

n

∑
i=1

wiaσ(i)

/ n

∑
i=1

wi

(6)

while for the right end-points, we have

Φα

(

A1
α , · · · ,A

n
α

)

+
= max

W i
α− ≤ wi ≤W i

α+

Ai
α− ≤ ai ≤ Ai

α+

n

∑
i=1

wiaσ(i)

/ n

∑
i=1

wi

(7)

It can be seen that (6) and (7) are programming problems. So-

lutions to these problems, so that the Type-1 OWA aggregation

operation can be performed efficiently, are available from [12].

B. Application of the Type-1 OWA to unbalanced fuzzy lin-

guistic information

This section reports on the results obtained when the Type-1

OWA operator is used to aggregate the unbalanced linguistic

information provided in [4] to which the LH methodology ap-

proach was already applied. The linguistic information refers

to academic assessments of two students on six tests as given

in Table I:

TABLE I
STUDENTS’ MARKS IN SIX TESTS

T1 T2 T3 T4 T5 T6

Student1 A D D C B A

Student2 D C B C C C

In this example, the grading system to evaluate the different

tests is the unbalanced linguistic term set S = {F,D,C,B,A}
with semantic represented via asymmetric triangular fuzzy sets

as illustrated in Fig. 1. It is also assumed that the six tests

contribute equally in the overall score and therefore same

weighting values are used in their aggregation.

As mentioned before, Type-1 OWA operator is able to

directly operate with fuzzy numbers even when some of them

are modelled with different types of membership functions

(triangular, trapezoidal, etc.), and to utilise whole membership

functions to carry out the aggregation. Consequently, it is no

longer necessary to accomplish any transformation step to op-

erate with linguistic terms that belong to unbalanced linguistic

term sets. The aggregated final score for both students are

shown in Fig. 3 and Fig. 4, respectively.
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Fig. 3. Student1’s marks (solid black lines) and aggregated overall score
(dashed red line)

A widely used approach to rank fuzzy numbers consists in

converting them into a representative crisp value, and perform

the comparison on them, a methodology originally proposed

by Zadeh in [19]. This approach has been proposed and used

in the selection process of decision making problems under

uncertainty where ranking of fuzzy sets is a must to arrive at

a decision [20]. Recently, a study by Brunelli and Mezei [21]

that compares different ranking methods for fuzzy numbers

concludes that ‘it is impossible to give a final answer to the

question on what ranking method is the best. Most of the time

choosing a method rather than another is a matter of preference

or is context dependent.’ Two defuzzification methods widely

used in fuzzy set theory are: the centre of area method (COA)

and the mean of maximum method (MOM). The first one

computes the centre of mass of the membership function of
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Fig. 4. Student2’s marks (solid black lines) and aggregated overall score
(dashed red line)

the fuzzy set (the centroid), whereas the second one computes

the mid-point of the 1–level set of the fuzzy set. The COA

method maintains the underlying semantic ranking relation

within the set of linguistic labels, i.e. given two linguistic

labels si,s j ∈ S such that si < s j then uCOA(si) < uCOA(s j).
It is worth mentioning Brunelli and Mezei’s correlation study,

and their centrality analysis associated to the corresponding

correlation network representation, which shows the centre of

area method (8) as one of the highest central defuzzification

methods.

uCOA(A) =

∫

x
x ·µA(x)dx
∫

x
µA(xi)

. (8)

By means of a normalisation process, and following the

study presented in [15] it can also be proved that the set

of centroids obtained using the Type-1 OWA approach can

be mapped with an increasing and continuous function to the

set of LH results of symbolic aggregation of the indexes of

the set of labels assessed in the unbalanced linguistic term

set S = {s0, ...,sg}, and therefore they are equivalent. This is

corroborated by the results obtained here:

• The Type-1 OWA students’ overall scores are also rep-

resented as fuzzy numbers with centroid values of 0.72

and 0.68, respectively.

• In both cases, it is obvious that the fuzzy linguistic label

C ∈ S is the closest to the students fuzzy overall scores.

• Herrera et al. [4] overall scores obtained using their LH

methodology were the following 2-tuple linguistic values

(C,-0.08) and (C,0.16), respectively. Again, the linguistic

label C ∈ S is the closest to the students overall 2-tuple

scores, and in the same way as it happens with the Type-1

OWA approach.

IV. CONCLUSION

In this contribution we present the Type-1 OWA operator as

an useful operator to aggregate unbalanced linguistic informa-

tion. This operator directly works on fuzzy numbers even when

some of them are modelled with different types of membership

functions (triangular, trapezoidal, etc.), and it also utilises

the whole membership functions to compute the aggregated

value. The operator has been applied to the same example

used by Herrera et al. [4] to show the performance of the LH

methodology and it has returned equivalent results. Therefore

we can conclude that the Type-1 OWA approach here put

forward provides a valid alternative to deal with unbalanced

linguistic contexts, and it can be seen as an extension of

the linguistic symbolic computational model based on ordinal

scales and indexes.
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